NONGENERIC J-HOLOMORPHIC CURVES IN SYMPLECTIC 

4-MANIFOLDS 



DUSA MCDUFF 



Abstract. This note discusses the structure of J-holomorphic curves in symplectic 
4-manifolds {M,ij) when J £ ^7(5), the set of cj-tame J for which a fixed chain 
5 of transversally intersecting embedded spheres of self-intersection < —2 is J- 
holomorphic. Extending work by Biran (in Invent. Math. 1999), it shows that when 
(M, w) is the blow up of a rational or ruled symplectic 4-manifold any homology 
class A G H2{M;Z), with nonzero Gromov invariant and nonnegative intersection 
both with the spheres in S and with the exceptional classes other than A, has an 
embedded J-holomorphic representative for some J G J{S). This result is a key 
step in some of the arguments in McDuff {Journ. Topology (2009)) on embedding 
ellipsoids, and also has applications to symplectic 4-orbifolds. 
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1. Introduction 



1.1. Background. Let (M, cj) be a closed symplectic 4-manifold. Write E C H2{M; Z) 
for the set of classes that can be represented by exceptfonal spheres, i.e. symplectically 
embedded spheres with self- intersection —1. It follows from work of Taubes |Tau96| as 
extended by Li~Liu jLL951lLL01j that if Taubes' version of the Gromov invariant Gr{A) 
is nonzero and if A- E > for all E £ £\{A}, then for generic cj-tame almost complex 
structure J on (M, cj) the class A is represented by an embedded J-holomorphic curve. 
We are interested in the representatives of A with respect to special J for which some 
nongeneric chains of spheres S are holomorphic. In McDuff |Mc09H lMc09ii| . we asserted 
that even in this case any class A that is disjoint from S would be represented by a 
smoothly embedded J-holomorphic connected curve for suitable J, because we can 
assume that J is generic away from S. This result, though it does turn out to be 
correct, requires proof, that we supply in this paper. Similar results were obtained in 
Biran [B99] in the case when all the curves in S are spheres of self-intersection —2. 
Let us first describe the kind of singular set S we consider. 

Definition 1.1.1. The set S := Cf U ■ ■ ■ U Cf in (M, oj) is called a singular set if 

it is at union of symplectically embedded curves of genus g{Si) in classes Si,...,Ss 
respectively such that 



(ii) the curves (Cf )i<i<s intersect transver sally, in such a way that at each inter- 
section point their tangent spaces are symplectically orthogonal. 

A symplectic form is said to he adapted to S if S satisfies these conditions with respect 
to it. Each S defines a graph with vertices vi, . . . ,Vs, and in which each pair Vi,Vj 
of distinct vertices are joined by precisely Si ■ Sj edges. 

Given S, we can identify a neighborhood Af{Cf) of each with a neighborhood of 
the zero section in a holomorphic line bundle C-ki over S"^ = CU {oo} with Chern 
class —ki, and obtain S by plumbing, i.e. for each point q G Cf n where i j we 
identify a neighborhood of g S in AA(Cf ) with a neighborhood of g S Cj in J\f{Cj) 
preserving the local product structure but interchanging fiber and base. We call the 
resulting plumbed structure on the neighborhood M{S) = UiJ\f{Cf) the local fibered 
structure. 

Definition 1.1.2. We say that the singular set S is negative if for every tuple 
(mi, . . . , rus) with mj > for all i, we have 




h < -2; 



s 




i=l 



Further, we say that S (orVs) is a chain if the following conditions hold: 

• Cf • < 1 for all i / i; and 

• Cf is disjoint from Cj when \i — j\ > 1. 
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Note that we ahow chams to be disconnected. If is not a cliain, then we will 
usually assume that it is at least a forest, i.e. a disjoint union of trees. Further we 
always assume that ki := —Si ■ Si > 2 for all i. 

Lemma 1.1.3. Every chain is negative. 

Proof. Consider a nonnegative and nonzero tuple {mi, . . . , nis). If we ignore all i such 
that rrii = then the singular set is still a chain. Further for each i there are at most 
two j ^ i such that Si ■ Sj ^ 0, and there is i (with mi ^ 0) with just one such j. 
Hence we have 

[^miSi) ■ (^mjSj) = '^miSi- Si + '^miSi[^Sj) < - ^ mj/cj + 2 ^ mj < 0. 

i i i j^i i i 

Therefore this tuple does not satisfy the condition (^l^i miSi) ■ Sj > for all j. The 
result follows. □ 

Definition 1.1.4. Given any singular set S, we define J{S) := J'{S,uj) to be the 
space of all u-tame almost complex structures J on (M, u) that are integrable in some 
neighborhood Af{S) and are compatible with its local fibered structure. Thus each Cf 
is J -holomorphic, as is each local projection N{Cf) — Cf . Moreover, if Cj intersects 
the intersection Cj H N{Cf) coincides with a union of fibers of the projection 
M{Cf) ^ Cf. 

Example 1.1.5. (i) Suppose that (M, w, J) is a toric manifold whose moment polytope 
has a connected chain of edges ei,i = with Chern numbers —ki. Then the 

inverse image S of this chain of edges under the moment map is a chain of spheres with 
respect to the natural complex structure on M. Moreover the toric symplectic form is 
adapted to 5: in particular the Si do intersect orthogonally. Another example of S is 
a disjoint union of embedded spheres each with self-intersection < —2. 

(ii) If 5 is a tree, then the condition fcj > 2 for all i is not enough to guarantee that 
S is negative. For example we could have fcj = 2 for i = 1, . . . , 5 and Si ■ Sj = 1 for 
i = 1, j > 1 and equal to for all other pairs i < j. Then B = 2Si + Yli>i '^i 
B ■ Si = for all i. The negativity of S is important in Proposition 1.2.5[ but is not 



explicitly used in the proof of Theorem 1.2.1, though it is satisfied there because S is 
a chain. 

1.2. Main results. Recall that £ denotes the set of classes that are represented by 
exceptional spheres. We often use the fact that E ■ E' > for all E,E' G £. This 
holds because for sufficiently generic J each E € £ has an embedded J-holomorphic 
representative. 

Theorem 1.2.1. Let (M, w) be a blow up of a rational or ruled manifold, and suppose 
that the singular set S = Cf U • • • U Cf is a chain. Let A G H2{M) be a nonzero class 
such that 

(i) Gr(.4) / 0; 

(ii) if = {) then A is a primitive class; 
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(iii) A - E >0 for every E £ £\{A}; and 

(iv) A- Si>0 forl<i<s. 

Then there is a smooth embedded connected curve in class A that is J -holomorphic 
for some J G J^{S) and intersects each Cf positively and transversally in precisely 
Si ■ A points. 

Note that we did not include classes A = tuAq with = and m > 1 in the 
statement above, since we wanted to assert that A has a connected representative. But 
if we apply the Theorem 1.2.1 to the underlying primitive class Aq then we find that 



such A will be represented by the union of m disjoint copies of an embedded Ag-curve. 
Here is a translation of condition (i) in the case when M is rational, i.e. S"^ x 5^ or a 
blowup of CP^ 



Corollary 1.2.2. If (M,u}) is rational, then the conclusion of Theorem \1.2.1 holds for 
any class A that satisfies (Hi), (iv), has td{A) > and d{A) := A"^ + ci{A) > 0, and is 
such that one of the following conditions holds: 

(a) ^2 > 0; 

(b) = and A is a primitive class; 

(c) A££. 



The proof that Corollary 1.2.2 follows from Theorem 1.2.1 is given in Lemma 2.1.3 
There we also discuss the analogous conditions for blow ups of ruled surfaces. 



Corollary 1.2.3. If is a chain and a class A as in Theorem 1.2.1 can he repre- 
sented by a symplectically embedded curve of genus g{A), then the components of any 
stable map representing A that is J -holomorphic for a generic element in J{S) are 
parametrized by curves whose genera sum to at most g{A). Moreover, this inequality is 
strict if any component is not embedded or if there is a pair of components that intersect 
more than once. 



Remark 1.2.4. (i) Note that Corollary 1.2.3 is not immediately obvious since we 
cannot assume that an arbitrary J-holomorphic stable map in class A is the limit 
of embedded curves, even for generic elements J G J{S). Our proof does use the 
fact that J is generic, though the recent preprint Li-Zhang [LZ12J shows by purely 
algebraic methods that the first claim holds for arbitrary J G J{S) provided that A is 
J-NEF, in other words that it has nonnegative intersection with every class that has 
a J-holomorphic representative. This paper also explains other severe restrictions on 
the intersection patterns of these curves in the case when A is J-NEF and g{A) = 0. 
However, these results are not as helpful to us as one might think, since sometimes 



(as in the proof of Proposition 1.2.5) the essence of our argument is to show that A is 
J-NEF. 

for 



Intuitively, the statement in Corollary 1.2.3 is clear. For example if A • S. 



all i, then an embedded representative of A can be considered as a smoothing of the 
singular curve in the (singular) space obtained by blowing down the components of S; 
but, in general, smoothing a singularity creates genus. Thus if the smoothed curve has 
genus g{A) the components of its nodal representative must also have genus < g{A). 
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(ii) Our proof of Theorem 1.2.1 does not work if S has a component Si with Sf = —1, 
or if the graph has a vertex of degree > 2: see Remark 4.1.5[ However, as we 
explain there it seems likely that our methods can be significantly extended. This is 
the subject of ongoing research. 

(iii) The restriction of Theorem 1.2.1 to the case of blowups of rational and ruled 



manifolds is mostly a matter of convenience; many of our arguments are geometric and 
hence are valid for any 4-manifold. How ever, s ome of the assertions (for example that 
the curve is connected) use Lemma 



2.1.1 



and hence are valid only when 63 



1. 



Since our main purpose in proving Theorem 1.2.1 is to use it to deduce Proposition 1.2.9 
about the method of inflation relative to 5, and since this works only in the case of 
rational and ruled manifolds and their blowups, we have restricted to that case. 

(iv) Our constructions start from a Jo-holomorphic stable map (or nodal curve) 
representing the class A, where Jo G ^7(5) is assumed "generic" outside S. (More 
precisely, J lies in the set ^reg{S, A,u}) described in Definition 
embedded curve is J-holomorphic for some J G J'reg{S , A,u 
S, and otherwise is C^-close to Jo and equal to it outside a neighborhood of the image 



2.2.1 



The resulting 
that equals Jq near 



of the original stable map; cf. Remark 3.1.4 



When A £ £, we can make a much stronger statement. It applies for all M, not just 



those with 62 = 1- 



Proposition 1.2.5. Let {M,u) be any symplectic A-manifold, and S be any negative 



singular set, for example a chain. Suppose further that the class A in Theorem \1.2.1 
lies in £. Then there is a path connected and residual subset J^sw{'S,A) of J{S) such 
that for each J E Jsw{S-,A) the only J-holomorphic representative of the class A is 
an embedded sphere C^. 



This is proved at the end o f §2.3[ The proof does not need the geometric techniques 

rather it exploits the fact that A^ < 0. 



developed for Theorem 



1.2.1 



Remark 1.2.6. In the above proposition, we take J{S) as in Definition 1.1.4 However, 
the result still holds if we look at the subset of J^{S) consisting of elements that restrict 
to a fixed element Jo on some, arbitrarily small, neighborhood of S. For example, if 
the components of S have a local toric structure as in Example [1.1.5 then we might 
take Jo to be the corresponding complex structure. 



For other classes A, although Theorem 1.2.1 asserts the existence of embedded rep- 
resentatives for some J G ■JiS), our geometric arguments do not show that these 
exist for an arbitrary generic]^ J E J{S), even in the case of spheres. However, one 
can show this in certain cases by numerical (dimension counting) arguments. In ^4.2 



we first explain an argument due to Li-Zhang [LZ12] that applies to spherical classes 
i.e. when g{A) := 1 + \ {A^ — ci{A)) = 0. Secondly, we extend an argument due to 
Biran |B99j . that applies when the curves in S are "not too singular." We then prove 

^ More precisely, to say that a given property holds for a generic J G JiS) means that there is a 
residual subset J'{S) of J7{S) on which it holds. 
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the followin g re sult in Corollary 4.2.4 Here d{A) 
degree; cf. pljP 



ci{A) + is the Seiberg-Witten 



Proposition 1.2.7. Let (M, be any symplectic A-manifold with = 1, and let S 



he a singular set whose components are spheres with ci{Si 



but with any graph . 
Then the following 



Suppose further that A satisfies the conditions of Theorem 1.2.1. 
holds. 

(i) //, in addition, A cannot be written as Yli^i^i f^''" — 0; then A is represented 
by an embedded J -holomorphic curve for generic J G J^{S). In fact there 
is at least one such curve through each generic set of ^d{A) points in (M, w). 

(ii) IfTs is a forest, then A is never equal to fof (-i > 0. 

Moreover, the conclusion in (i) holds for any negative singular set S provided that A 
satisfies the additional condition that g{A) = 0. 



Remark 1.2.8. (i) Biran [B991 Lemma 2.2B] proved the special case of Theorem 1.2.1 
and Proposition |1.2.5] when 5 is a union of disjoint spheres of self-intersections —ki < —2 
and A ■ Si + ci(S'i) > for all i. In |Mc09ij we are mostly interested in the case when 
A ■ Si = for all i. In this case, Biran's argument applies when ki = 2 for all i. 
The proof of Lemma |4.2.1 shows that Biran's argument extends to the case when the 
spheres Si have arbitrary (transverse) intersections, but still ki = 2 for all i. This is 
enough to fill in all gaps in |Mc09ii| : cf. Remark 4.2.5 However, it does not suffice 



for |Mc09ij where the ki can be arbitrary. In this case, one seems to need geometric 
arguments in order to prove Theorem |1. 2. 1[ 



(ii) Even though there is considerable overlap between Proposition 1.2.5 and the last 
claim in Proposition 1.2.7| about the genus case, there are subtle differences both 
in the statements and the proofs. In particular. Proposition 1.2.5 applies to any 4- 



manifold, not just those with 6^ = 1, but restricts to the rigid case A ^ £. See also 



Remark 4.2.5 (iii) 



As in Biran [B99] . the main application of Theorem |1.2.1| is to show that certain 
symplectic inflation processes are possible: one uses the curve Ca_ to construct a form 
PA that represents the Poincare dual to A by means of which one can deform the initial 
symplectic form. For this, it is enough to have a single curve. However, |Mc09H rMc09iij 
also applies the method of symplectic inflation from McDuff |Mc98) to conclude that 
certain embedding spaces are connected; cf. |Mc09il Corollary 1.6]. To prove this one 
needs embedded J-holomorphic representatives of A for 1-parameter families of J. We 



construct these in §4.3[ cf. Lemma 4.3.3 The following relative version of "deformation 
implies isotopy" is a typical corollary. 

Proposition 1.2.9. Let [M,uj) he a blow up of a rational or ruled A-manifold, and 
S <Z M be a chain of u: -orthogonally intersecting spheres as above. Let oj' be any 
symplectic form on M such that 

For simplicity, we restrict to the case h+ = 1. If b+ > 1, there is an analogous statement. However, 
in that case the hypothesis Gr{A) 7^ implies that d{A) = 0, so that the result is less interesting. 
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(a) [J] = M G H^{M); 

(b) oj' = uj in some neighborhood of S; 

(c) there is a family of noncohomologous symplectic forms u}t,t & [0, 1], on M that 
equal oo near S and are such that ujq = uo and oji = uj' . 

Then there is a compactly supported isotopy (pt o/M\5 such that 4>o = id and (pKuj) = 



uj'. 



Acknowledgements. I warmly thank E. Opshtein for noticing and discussing the gap 
in the proofs in |Mc09ij . and Matthew Strom Borman, Tian-Jun Li and Felix Schlenk 
for very helpful comments on earlier drafts of this paper. 

2. Results using Taubes-Seiberg-Witten theory 
This section collects the results that can be proved by modifications of standard 



J-holomorphic curve theory in dimension 4. In particular, we prove Proposition 1.2.5 
in §2.2[ We begin by recalling relevant parts of this theory. Throughout, unless specific 
mention is made to the contrary]^ by a curve we mean the image of a smooth map 
ti : S — 7- M where S is a connected smooth Riemann surface. Thus an immersed J- 
holomorphic curve is the image of a smooth J-holomorphic immersion n : S — t- M. 
In particular, all its double points have positive intersection number. A curve is called 
simple (or somewhere injective) if it is not multiply covered; cf. jMS041 Chapter 2]. 

2.1. Review of J-holomorphic curve theory. We begin this section by a very 
brief review of Taubes' work relating Seiberg-Witten theory to J-holomorphic curves 



in order to explain the first hypothesis in Theorem 1.2.1 , namely that Gv{A) ^ 0. Here, 
Gr(j4) is Taubes' version of the Gromov invariant of A, that to a first approximation 
counts embedded J-holomorphic curves in {M,uj) through \d{A) generic points, where 
d{A) := ci{A)+A'^ is the index of the appropriate Fredholm problem; cf. |Tau96j . Thus 
Gr(j4) 7^ implies both that d{A) > and that uj'{A) > for all symplectic forms 
uj' that can be joined to ci; by a deformation (i.e. a path of possibly noncohomologous 
symplectic forms). For 4-manifolds with 6^ = 1 (such as blow ups of rational and 
ruled manifolds), one shows that Gr(yl) 7^ by using the wall crossing formulas in 
Kronheimer-Mrowka jKM94j in the rational case and Li-Liu [LL95] in the ruled case. 

Note first that because the intersection form on H^{M; M) has type (1, N), the cone 
V := {a € H'^{M) I > 0} has two components; let be the component containing 
[oj]. Then we have the following useful fact. 

Lemma 2.1.1. Suppose that b^{M) = 1. // a,b £ 7^+\{0} then a-b >0 with equality 
only if a}' =0 and b is a multiple of a. 

Taubes' Gromov invariant Gi{A) in |Tau96j counts holomorphic submanifolds and 
hence is somewhat different from the "usual" invariant due to Ruan-Tian that counts 
(perturbed) J-holomorphic maps u : (S, j) — )• (M, J) with a connected domain of fixed 

Occasionally we allow a curve to be disconnected, but it never has nodes unless the adjective 
"nodal" or "stable" is used. 
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topological type modulo reparametrization. To explain the relation, we first make the 
following definition. 

Definition 2.1.2. We say that a class A G i?2(M;Z) is reduced if A - E >0 for all 
E G £\{A}. 

For example, as noted at the beginning of §1.2[ every E £ £ is reducd. If A is reduced 
and has d{A) > 0, then the adjunction formula ci{A) = 2 — 2g+A^ for embedded curves 
determines a unique genus g{A) for which A can be represented by a holomorphic 
submanifold. Moreover, positivity of intersections ( jMc94 iJ or [MS04, Appendix E]) 
implies that any J-holomorphic map — )• (M, J) with g = g{A) must be an 
embedding, since any singular point gives rise to a defect in the genus formula. It 
follows that, except in the case of tori of zero self- intersection (where double covers 
affect the count in a very delicate way), the invariant Gx{A) for reduced A simply 
counts (with appropriate signs) the number of possibly disconnected J-holomorphic 
curves of genus g{A) through \d{A) generic points. For example, Gt{E) = 1 for all 
E £ £. In fact, one can check that the only reduced classes A with A^ < and d{A) > 
are those of the exceptional spheres A £ £. 

If, for a reduced A, the Gromov invariant Gr(^) counts disconnected curves, then 
A must decompose as a sum Ai + A2 with Ai ■ A2 = and Gr(j4i), Gr(^2) both 
nonzero. Further, Af > for i = 1,2, since otherwise, as we saw above Ai £ £ and 
then A ■ Ai = Af < implies that A is not reduced. But then, when 6^(M) = 1, we 



have Ai £ V for i = 1,2 which implies by Lemma 2.1.1 that A, Ai,A2 all have square 
and lie on the same line. Hence every reduced class with > is represented by 
a connected curve. This is also true when A^ = unless A is not primitive, that is 
A = niAo for some m > 1. In that case, the adjunction formula implies that either 
g{AQ) = 0, d{A) = 2m and A is represented by parallel copies of ^0 through m generic 
points, or that 5(^0) = 1 and d{A) = 0, in which case the counting procedure when 
m > 1 takes double covers into account and so is more complicated (see |Tau96j ) . In 
sum, we have: 

When 6^(M) = 1 for reduced classes A that are not represented by 
embedded tori of zero self-intersection, Gr(j4) equals the standard J- 
holomorphic curve invariant for curves with genus g{A). 

The situation when 6^(M) > 1 is more complicated, but we will not need this case. 
Now let us consider a general, not necessarily reduced class, A with Gt{A) 7^ 0. 
Then it is shown in McDuff |Mc97l Proposition 3.1] that if we decompose A as 

A = B+ ^ \A-E\E, £{A) = {E\E-A<Q}, 

then E-E' = OfoT E, E' £ £{A) and B is reduced with d{B) > d{A) > and B ■ E = 
for all E £ £{A). Thus, for generic J the class A is represented by a main (possibly 
empty) embedded component in class B, together with a finite number of disjoint 
curves each with multiplicity |^ • i?| in the classes E £ £{A). This is proved by 
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considering the structure of a J-holomorphic ^-curve (where J is generic) through 
points, where 

(2.1.1) d'{A) = ci{A) +A^ + Y,{\A- ^1' - 1^ • 

It follows that d'{A) = d{B). Moreover, Li-Liu show in |LL99j that the equivalence 
between Seiberg-Witten and Gromov invariants, previously established for reduced 
classes, extends to show that the class A has the same invariants as does its reduction 
B. Thus (except when there are multiply covered tori) Gi{A) = Gt{B) counts the 
number of embedded S-curves through d'{A) = d{B) generic points. In particular, if 
5 = then d'{A) = d{B) = 0. 

We next discuss conditions that imply Gr(yl) ^ 0. The following is a sharper version 
of Li-Liu |LL01t Proposition 4.3]. (Their result applies to more general manifolds.) 

Lemma 2.1.3. (i) Let {M,uj) be a blowup o/CP^. If A £ H2{M) satisfies A^ > 



0, uj{A) > 0, and d{A) > 0, then Gi{A) 7^ 0. Further, Corollary \r2^ holds. 

(ii) Let M be the k-point blowup of a ruled surface with base of genus g{M) > 1. 
Then a sufficient (but not necessary) condition for Gic{A) to be nonzero is that 
AeV+ andd{A) > g{M) + \. 

(iii) Let M be as in (ii) and A G H2{M) be in the image of the Hurewicz map 
■K2{M) H2{M). Then d{A) > implies that Gr(A) / 0. 

Proof. We prove (i). By hypothesis (M, w) is obtained from the standard CP^ by blow- 
ing up > points. Let Ei G H2{M),i = 1, . . . , N, he the classes of the corresponding 
exceptional divisors. Then the anticanonical class K = — ci(M) is standard, namely 
K = -SL + YlZi Ei, where L = [CP^]. (As usual we identify H2{M;Z) with H'^{M;Z) 
via Poincare duality.) Because d{A) > 0, it follows from the wall crossing formula in 
[KM94j that exactly one of Gr(j4), Gr(i^' — A) is n onzero . Since A^ >0 and uj{A) > 0, 



the Poincare dual of A lies in "P^. Hence Lemma 2.1.1 implies that uj'{A) > for all 
forms w' obtained from u by deformation. On the other hand if uj'(Ei) is sufficiently 
small for all i, oj'{K — A) < Q. Therefore K — A has no J-holomorphic representative 
for (j'-tame J, so that Gi{K — A) must be zero. Hence Gt{A) 7^ 0. This proves the 
first claim in (i). 



To prove Corollary 1.2.2 we must check that if A satisfies (a), (b) or (c) then con- 



ditions (i) and (ii) in Theorem 1.2.1 hold. The argument above proves this when A 
satisfies (a) or (b). Case (c) concerns the case A & 8. But by standard Gromov theory, 
these classes have unique J-holomorphic representatives for all cj-tame and generic J, 
which again implies that uj'{E) > for all uj' deformation equivalent to uj. Hence as 
above, we must have Gr(^) 7^ in this case as well. This completes the proof of (i). 

To prove (ii), we use |LLOH Lemma 3.4] which states that Gi{A) 7^ if d{A) > 
and 2 A — K £ . Therefore (ii) will hold provided that 2 A — K £ V~^. Suppose 
that M = (S"^ X T,g)^kCP'^ is the /c-fold blow up of the trivial bundle, where the 
exceptional divisors are Ei, . . . ,Ek. Then K = —2[Tjg] + 2{g — 1)[S'^] + Yli=i so 
that = —8{g — 1) — k < 0. Hence the nontrivial ruled surface over also has 
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= — 4((7 — 1), since its one point blowup is the same as the one point blowup of the 
trivial bundle and blowing up reduces by 1. Then 

{2A - Kf = AA^ -AA-K + K"^ = U{A) - 4(5 - 1) - /o 0, 

by our assumption. Therefore either 2 A — K £ or —{2 A — K) G . But the 
displayed inequahty also shows that A - K < A^ +jK^< ^ so that A ■ [2A - K) = 
2A? - A-K Hence, because A e Lemma [£li] implies that 2^4 - G P+ as 
required. 

To prove (iii), let us first consider the case when (M, w) is minimal. Then A = A:[S'^], 
where [S"^] is the class of the fiber. Further A; > 1 since d{A) = ci{A) > 0. Hence 
Gt{A) := Gt(M,A) 7^ by direct calculation. Note that this class takes values in 
Z = A^H^{M; Z). We can now use the blow down formula of |LLOH Lemma 2.8]. This 
says that if {X,t) is obtained from {X',t') by blowing down the single exceptional 
class E, and if Gr(X, A) takes values in Z = A°H'^{X; Z), then for ah £ > 

d{B -£E)>0^ Gt{X', B-IE) = Gr(X, B) £ Z. 

Note finally that d{B - iE) = {B - lEf + ci{B) + I = d{B) - £{£ - 1) < d{B). 
Therefore if we start with a class in the /c-fold blow up with d{A) > 0, as we blow 
it down the degree d{A) increases and we end up with a class k[S'^],k > 0, in the 
underlying minimal ruled surface. Hence Gr{A) 7^ 0. □ 

Finally, the following recognition principle will be useful. It is taken from |MS96t 
Corollary 1.5], but here we explain some extra details in the proof. 

Lemma 2.1.4. Suppose that {M^,lo) admits a symplectically embedded submanifold 
with ci{Z) > that is not an exceptional sphere. Then {M,u}) is the blow up of a 
rational or ruled manifold. 

Proof. Since < ci{Z) = 2 — 2g + Z"^ , where g is the genus of the submanifold Z, we 
must have Z^ > 0, since otherwise = — 1 and = so that Z is an exceptional 
sphere. But when > we can use the method of symplectic inflation from |L94| 
(cf. §?? below) to deform cj to a symplectic form in class [w^] := [f^] + kPD(Z) for any 
K > 0. Therefore if K is Poincare dual to — ci(M), then K ■ Z < so that for large k 
we have u}k{K) < 0. But by Taubes' structure theorems in |Tau95) . this is impossible 
when 6^ > 1. Thus 6^ = 1. The rest of the proof now follows the arguments given 
in |MS96j . The crucial ingredient is Liu's result that a minimal manifold with < 
is ruled. □ 

2.2. The case J G -JiS)- When we consider J-holomorphic representatives for a 
reduced class A when J G J{S.,ijj), the situation is rather different since the curves 
in S are not regular. Thus A could decompose as A = ^iSi + A' where li > 0, 
and we need to consider generic representations of the class A' . But A' need not 
be reduced, and hence could have a disconnected representative as above with some 
multiply covered exceptional spheres. As usual we write J{M, uj) for the set of Li;-tame 
almost complex structures, and J'reg{M,uj) to be the subset of regular elements, i.e. 
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elements such that the hnearized Cauchy-Riemann operator Du^j is surjective for ah J- 
holomorphic maps u : (S, js) — )• (M, J). Here (S, js) is a smooth connected Riemann 
surface, and when genus (T,) > we allow the complex structure on S to vary, so 
that the tangent space Tj^ T at js to Teichmiiller space 7~ is part of the domain of D^ j] 
cf. |Mc97llTau96] . Standard theory (as in |MS04l Chapter 3]) implies that Jreg{M,u) 
is residual in J{M,uj). 

Definition 2.2.1. Suppose that A is reduced, so that g{A) is defined. We then define 
the space J^regiSjUJjA) =: Jreg{S) of almost complex structures that are A-reguIar 
with respect to S to he the set of all J G J{S,u],A) such that the linearized Cauchy- 
Riemann operator D^^j described above is surjective for all somewhere injective ele- 
ments u of the moduli space of J -holomorphic maps Ai{B, J) := {u : (S, js) — )• (M, J)} 
in class B, where B satisfies the following conditions: 

(i) < uj{B) < uj{A), 

(ii) B is reduced, i.e. B ■ E > for all E G £\{B}, 

(iii) B-Si>0 for all Si £ S. 

We further define the space Jsw {'S , , A) =: Jswi'S) to consist of all J £ J'{S,uj,A) 
such that ci{B) > for all classes B that satisfy (i) and (iii) above and are represented 
by a J -holomorphic map u : (S^, j) — )• (M, J). 

Remark 2.2.2. Notice that if u : (S^J) (M, J) is a somewhere injective J- 
holomorphic map in class B with ci{B) > then the Seiberg-Witten index d{B) is 
also nonnegative. For d{B) = ci{B) + B^ and the adjunction formula g{S'^) = < 
1 + 5(52 - ci{B)) implies that B'^ > ci{B) - 2 > -I with equality exactly if u IS an 
embedding. Further, if d{B) = then the only possibility is that B^ = —1 and u is an 
embedding. 

Lemma 2.2.3. Suppose that is negative. Then the following hold. 

(i) The subset J'reg{<S,ijJ, A) of J{S) is residual in the sense of Baire. 

(ii) Jregi<S,UJ,A) C Jsw {<S , UJ , A) . 

(iii) Jsw {<S , uj , A) is path connected. Further, ifu)t,t G [0, 1] is any smooth path of 
adapted symplectic forms, then the set 

(j Jsw{S,cot,A) 

te[o,i] 

is path connected. 

Proof. Since each J £ is fixed on some fibered neighborhood M{S) of S we first 



check that there is no class B satisfying the conditions (i), (ii) and (iii) in Definition 2.2.1 
that has a J-holomorphic representative lying entirely in J\f{S). To see this, fix some 
such neighborhood A/'o(5) and choose a map $ : Mo{S) — S that agrees with the 
given fibration over some nonempty open subset of each curve in S. Then, for 
any J-holomorphic i?-curve « : S — t- Mo{S) the composite map $ o u : S — ?■ 5 is J- 
holomorphic over an open subset of each and hence must have nonnegative degree 
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on each component. Thus B := Yli''T^iSi where mj > for each i. Smce • 5'j > by 
hypothesis on B and S is negative, we must have i? = 0, contradicting (i). 

It fohows that each J-holomorphic i3-curve must intersect M\A/'o(5). By standard 
theory as in |MS041 Chapter 3.2], in order to ensure that every J-holomorphic i?-curve 
is regular, it suffices to perturb J on M\A/'o(5). One can then see that J'reg{S,u), A) is 
residual when g{A) (and hence g{B)) is zero by arguing as in the proof of Theorem 3.1.5 
[MS04] . One main technical ingredient is the version of the Riemann-Roch theorem in 
[MS04(, Theorem C.1.10]. Since this is carried out for arbitrary genus, one can easily 
adapt the above proof to higher genus curves as in |Tau961 IMc97j . Since J'reg{<S, u, A) C 
^5^/(5, w, A), this proves (i). 

To prove (ii), first recall that the (adjusted) Fredholm index lnd{Duj) of a some- 
where injective J-holomorphic curve u : {S'^,j) — )• (M^", J) in class B is 2n + 2ci(-B) — 
6 = 2{ci{B) — 1) in dimension 2n = 4. (This is the virtual dimension of the quo- 
tient space of J-holomorphic maps modulo the action of the reparametrization group 
G = PSL{2, C).) Since lnd{Duj) > for regular curves, such curves must lie in classes 
B with ci{B) > 0. Thus (h) holds. 

Part (iii) follows by a similar argument. Consider a generic path Jt G J^{<S), t G [0, 1], 
with endpoints in Jo, Ji G Jsw{S,u},A), and let u : S"^ — )• M be Jt-holomorphic for 
some t. By standard Fredholm theory, dim Coker ( J)„ jj < 1. Therefore, because 
Ind(D„^j) is even, every Jj-holomorphic map u : S'^ ^ M must have lnd{Du,j) > 0. 
Hence ci{B) > as in (ii). □ 

Lemma 2.2.4. (i) If d{B) > andu : (S, j) M is an embedded J -holomorphic 

curve in class B for some J G J^{S, to, A), then there is J' G Jreg{<S, oj, A) such 
that u is also J' -holomorphic. 
(ii) // B with oj{B) < uj{A) is represented by a connected J -homomorphic curve 
for some J G JregiS ,u, A) and B ^ Si for any i, then d{B) > 0. Moreover, 
B^ > unless B £ £, and if B"^ = then B is represented by an embedded 
J-holomorphic sphere or torus. 

Proof. When := imu is embedded, the pullback tangent bundle {u*{TM), J) splits 
as the sum of the tangent bundle TT,g to the domain and the normal bundle. Further, 
the index of the linearization D^ j restricted to the normal line bundle to Cb is d{B) 
and so nonnegative. Hence, by Riemann-Roch [MS04i Theorem C.1.10], we can adjust 
J in these normal directions to make D^^j surjective. Then the curve u itself is regular. 
Since every other J-holomorphic curve goes through points in M\(5 U C^), standard 
regularity arguments imply that by changing J outside a neighborhood of 5 U we 
can arrange that J belongs to Jregi<S,uj,A). This proves (i). 

To prove (ii), we use the fact that the the (adjusted) Fredholm index lnd{Du^j) of 
a somewhere injective J-holomorphic curve u : {T,g,j) — )• (M^, J) in class B and with 
domain of genus g is 4(1 — g) + 2ci{B) + 65 — 6 = 2{ci{B) + g — 1), where as in the 



proof of Lemma [2.2.3 we adjust by quotienting out by the reparmetrization group (for 
genus g = 0,1) and adding in the 6g — 6 dimensional tangent space to Teichmiiller 
space when g > 1. If -B is represented for generic J then Ind(L'„^j) > 0. Further, the 
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adjunction formula implies that 5 < 1 + ^{B"^ — ci{B)). Therefore 

< lnd{Du,j) < 2ci{B) + 2 + B^ -ci{B) -2 = ci{B) + B^ = d{B), 

as claimed. Further, if B^ < then, because d{B) = 52 + ci{B) > 0, the adjunction 
formula g{B) < 1 + ^B"^ — ci{B)) for simple connected curves in class B (cf. |Mc9H 
IMc94ij ) implies that g{B) = 0, and B £ £ is the class of an exceptional sphere. If 
52 = we again have equality in this formula, so that the curve is embedded and 
g{B) = or 1, as claimed. □ 

2.3. Representing exceptional spheres. With this preparation, we can now prove 



Proposition 1.2.5 By Gromov compactness, each class with Gt{A) 7^ has some 
representative for every J G In general this will be a nodal curve, i.e. a possibly 

disconnected image of a stable map. We denote these as S"^, reserving the notation 
for a (smooth, often immersed) curve. When J S ^7(5) a nodal curve T,^ has some 
components in multiples of the classes Si of the curves in S together with others that 
are possibly multiple covers of simple (i.e. somewhere injective) connected curves in 
some other classes Bj. Thus the class A decomposes as 

s k 

{2.3 A) A = J2iiSi + J2n'jB'^, 

i=i j=i 

where 

• £i>0 and n'j > for all j, 

• each class Bj is represented by a simple J-holomorphic curve C^' , 

• the classes Bj,j = 1, . . . ,k, are all distinct, 

• Bj / Si for any 



Proof of Proposition 1.2.5. We saw in Lemma 2.2.3 that Jsw{S) is residual and path 
connected. We show below that when J G Jsw{S) each A £ £ \s represented by 
a J-holomorphic embedded sphere. Then A can have no other representative with 



decomposition as in (2.3.1), for if it did A would have nonnegative intersection with 
each of its components, and hence with A itself. But = —1. 

Suppose, to the contrary, that there \s A £ £ and J G JswiS ,ljJ, A) such that A 
has no embedded J-holomorphic representative. Since there is J G J{M,oj) such that 
all classes in £ have embedded J-holomorphic representatives, there are only finitely 
many E £ £ with ljj{E) < uj{A). Therefore we may choose G to be a class that 
satisfies the following conditions: 

• ^0 • 'S'j > for all i; 

• there is Jo G J'sw i<S , uj , Aq) such that Aq has no embedded J-holomorphic 
representative; 

• uj{Aq) is minimal among all classes satisfying the previous conditions. 

Fix such Aq, Jq. When J G J'reg{M,u;) is generic each class in £ has a unique represen- 
tative by an embedded J-holomorphic sphere. Because Jq is the C°° limit of a sequence 
of elements J„ G ,Jreg, there is a Jo-holomorphic nodal curve (S"^")' in class Aq whose 
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components are all spheres, namely the Gromov limit of the unique J^-holomorphic 
exceptional spheres . Since (S^o)' is not embedded, the corresponding decomposi- 



tion (2.3.1 ) is nontrivial, i.e. some 7^ or A; > 1. Further, because the integral of uj is 
positive on each component we have oj{B'-) < uj{Aq) for all j. Thus none of the classes 
Bj equal ^o- By definition of J'sw {'S , , Aq) they have ci{Bj) > and d{Bj) > 0. 

Since Aq ■ Aq < and Aq ■ Si > for all i, there must be some class B'j =: B" 
such that Aq • B" < 0. Since Aq ■ E > fox all E G £:\{^o}, this class B" ^ 8. 
Moreover, because the class B" has a J-holomorphic representative for some J S J{M) 
it can be represented by a symplectic submanifold; for details see Lemma 3.2. 1| applied 



with 5 = 0. But then Lemma 2.1.4 implies that M is the blow up of a rational 



or ruled manifold. Because the class B" is the J-holomorphic image of a sphere, 



we may now apply Lemma 2.1.3 parts (i) and (iii) to conclude that Gt{B") 7^ 0. 
We now claim that B" is reduced. This holds because, by the minimality of Aq, 
every class E £ £ with energy < u{Ao) is represented by a Jo-holomorphic embedded 
sphere and so has E ■ B" > 0. But then both classes A and B" have embedded and 
connected J-holomorphic representatives for generic J E J{M) and so have A-B" > 0, 
a contradiction. □ 

Remark 2.3.1. Of course, classes E €z £ do degenerate, for example as {E — E') + E' 
where E' G £. But such degenerations (a) happen for J in a set of codimension at least 
2, and (b) have the property that the intersection of E with the class of the nonregular 
component(s) (in this case E — E') is negative. The argument above shows the presence 
of nonregular components in classes Si with E ■ Si >0 does not affect the situation. 

3. Geometric general position arguments 



We next show how to maneuver the nodal curve (S"^)' that represents A as in (2.3.1 ) 
so that its components are better behaved. After describing the patching procedures 
that we will use to resolve transverse intersections, we prove some basic general position 



lemmas and then Proposition 3.2.4 which is an important result about decompositions. 
As in ^ a curve is always assumed to have smooth domain. Otherwise it is called a 
stable or nodal curve. 

3.1. Patching procedures. Let (C^, Jo,wo) be Euclidean space with its usual com- 
plex structure Jq and symplectic form coq. 

Definition 3.1.1. An immersed J-holomorphic curve is orthogonal to S if there 
is J £ J{S) such that 

• is J-holomorphic, 

• each intersection point q G Pi S has a neighborhood J\fq such that there is a 
holomorphic symplectomorphism from {J\fq,J,u}) to a "square" neighborhood 

(3.1.1) = {{x,y) I \y\ < /u} C (C^, Jo,wo) 

o/{0} such that the local J -holomorphic fibration C-k S is given by {x, y) 1— >■ 
X, and H AAg coincides with a fiber of this map. 
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Note that in this case there is only one branch of through each point q G r\S. 
Note also that our hypotheses imply that the local Kahler structure (w, J) near q (with 
J G -JiS)) is flat. In the following we will resolve the singularities of orthogonally inter- 
secting pairs of curves C^, by patching together the graphs of holomorphic sections 
(^BjO's of the normal bundles to and . When intersects orthogonally, 
we can choose J G J^i-S) so that both these bundles (not only that over C^) have a 
complex structure, and so that the induced complex structure on a small neighborhood 
of U can be extended to an w-tame almost complex structure on M. We will 
consider sections that may have simple poles at the intersection point. 

In the following we use the words symplectic embedding to mean a smooth em- 
bedding / : S — )• M such that the pullback form /*(a;) does not vanish on the domain 
S, though otherwise the form f*{u}) is arbitrary. Every J-holomorphic embedding 
is a symplectic embedding in this sense; moreover, any map / with this property is 
J-holomorphic for some u-tame J. 

It has long been understood that if two branches of a curve intersect positively and 
transversally, then one can get rid of this double point by a smooth surgery that replaces 
two discs by a cylinder (resolving the node) : locally one replaces the graph of xy = by 
xy = e. This process allows one to build a symplectically embedded representative of a 
class B from an immersed curve with positive crossings. Our problem is more delicate, 
since if one of the initial curves lies in S we want the resulting glued curve to be disjoint 
from S, or at most to intersect it orthogonally, so that it can be J-holomorphic for some 



J G JiS)- Lemma 3.1.3 describes the local patching procedure in its simplest form. 



We begin with a useful technical lemma. 

Lemma 3.1.2. Whenever < 5i < 5o < there is a symplectic embedding 

/ : (ro, 1) X 51 ^ Tei C C2, (r, 6) ^ {re'\ '-^ e"^^) 
such that e(r) = 61 for r near 1 and e(r) = 60 for r near tq. 

Proof. We need f*{ri dridOi + r2 dr2d92) > 0. For this, we must choose e(r) so that 

^_£(r)/£Wy ^ ^_ iM/'.iM + fM) > 

r \ r J J. \ J.2 r J 

for To < r < 1. This is always possible when 5q > 5i since we can then take e(r) to be 
a decreasing function of r. □ 

Lemma 3.1.3. Suppose that the two J-holomorphic curves C S and intersect 
orthogonally at q, and that J £ -JiS) is integrable (and fibered) near the point q on both 
curves. Let as, (Tb be J -meromorphic sections of their normal bundles defined in some 
neighborhood Mq of q, each of which is either identically zero near q or is nonvanishing 
with a simple pole at q. 

(i) If 1^ > is sufficiently small, the sections vers and vctb can be patched together 
by a cylinder at q to form a (local) symplectically embedded curve C that agrees 
with uas U h'CTB near the boundary dJ\fq. 
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(ii) // as has a pole at q, then we can choose v so that C is J' -holomorphic for 
some J' G JiS). Further, if both sections have poles then C is disjoint from 

Proof. By assumption we can identify Mq both symplectically and holomorphically 
with the region TZ^ := {{x,y) G | \y\ < ^} for some /i > 0, where = {y = 
0}, = {x = 0}. Scahng up both x, y by a factor of 1/// we can assume that /i = 1. 
For suitably small v the sections as, as lie in IZi and have equations xy 5s-, xy 5b-, 
where the constants 5b, (^5 > are as small as we want. We divide into cases. 

Case 1: Neither section has a pole. Then ^5 = (5b = and the equations are exact. 
We can then use Lemma 3.1.2| with 5i = Q,5q = 5 to interpolate between xy = and 



xy = 5 over 1/2 < |x| < 1 and (interchanging the roles of x,y) between xy = and 
xy = 5 over l/2<|y|<l. If(5is sufficiently small, these curves are J'-holomorphic for 
J' arbitrarily C^-close to J. These two pieces can then be joined by the J-holomorphic 
curve xy = 5. 

Case 2: Exactly one section has a pole. Call the section that has a pole as- Then we 
can arrange as above that it is given in IZi by an equation arbitrarily close to xy = 5s 
for an arbitrarily small 5s > 0. In particular its graph over the annulus 1/2 < |x| < 1 
does not meet := {y = 0}. Therefore we can smooth it out over 1/2 < |x| < 1 
by an arbitrarily -small perturbation so that it agrees with xy = 5s for |x| near 1/2 
without changing its intersection with a (very small) neighborhood of S. Hence this 
piece of curve is J'-holomorphic for some J' G J{S). Now interpolate between xy = 
and xy = 5s over 1/2 < |y| < 1, and patch the two pieces by the J-holomorphic curve 
xy = Ss as before. This proves (i) and (ii) in this case. 

Case 3: Both curves have poles. The argument is similar. The graphs of each section 
should be first smoothed out so that they are given by the equations xy = 5s and 
xy = Sb, and then the smaller constant should be increased to the larger one over an 
annulus for |x| (or |y|) in the interval [1/4, 1/2]. The two pieces should then be joined 
by the J-holomorphic curve xy = max(5s, 5b)- D 

Remark 3.1.4. Note that in this construction we can choose J' to be arbitrarily 
C^-close to J. 

It will also be useful to consider meromorphic sections a with poles of order m > 1. 
In this case they must be matched with the pushforward of a section by a branched 
cover. 

Lemma 3.1.5. Suppose that the two J-holomorphic curves C S and intersect 
orthogonally at q, and that J G J^{S) is integrable (and fibered) near the point q on both 
curves. Let as be a J -meromorphic section as above with a pole of order m, and let 
aB be the graph of a multivalued meromorphic function over that pulls back over 
the branched cover z ^ x = to a section with a simple pole. Then for sufficiently 
small V the curves vas and vaB can be patched together by a cylinder at q to form a 
(local) symplectically embedded curve C that agrees with vasUi^aB near the boundary 
dJ\fq and is disjoint from U . 
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Proof. Note that the pushforward of the graph of the simple pole y = ^ by 2; i— )• =: x 
is the curve y"^ = i^fr = 5:; or equivalently xy"^ = 1. But this can also be considered 
as the graph of the pole x = ^ over . Therefore these two curves can be patched 

The result for arbitrary sections as,crB of the given form 

□ 



together as in Lemma 3.1.3 



follows as in Lemma 13.1.31 




Figure 3.1.1. As in Example 3.1.6 we glue to a triple cover of 
by matching two poles of order 3 and one simple pole of as with 
corresponding parts of the multisection cr^; as labelled. The gluing is 
indicated by dotted lines, the three relevant parts of are shown in 
black, while the two other branches of as near the simple pole of as are 
shown by thinner lines. 



The next example illustrates the use of Lemma 3.1.5|^ 



Example 3.1.6. Suppose that S consists of a single sphere in class S with S ■ S = —7 
and that E is the class of an exceptional divisor with E ■ S = 3. Then A := S + 3E has 
= 2, ci{A) = -2 so that d{A) = and g{A) = 3. Further A ■ E = and A ■ S = 2. 
Hence we should be able to represent A by an embedd ed gen us 3 curve that meets 



S in two points. We will assume (as we may by Lemma 3.2.1 below) that C meets 



in three distinct points, and will parametrize so that these points are 0, 1,cxd 
Consider the map f : S"^ ^ , z ^ . The pullback f*{C-i) of the normal bundle to 

has Chern class —3 and so has a section a with simple poles at 0, 1, 00. Let 175 be a 
nonvanishing meromorphic section of C^-j with poles of order three at both 0, 00 and a 



simple pole at 1. By Lemma 3.1.5 we can patch as to the pushforward of a at 0, 1, 00 
to obtain a closed curve C in class S + 3E. Note that, as required, C intersects 
in two points, one for each of the other two points in /^^(l): see Figure 
precisely, these points correspond to 17(7(1)), cr (7^(1)), where 



3.1.1 



More 



7 : ^ 52 



27ri 

z I— 7- e 3 Z, 



I want to thank Emmanuel Opshtein for pointing out a problem with my first attempt to patch 
such curves together. 
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SO that f = f- These values £7(7(1)), (7(7^(1)) are very smah: hence they he in the 
disc in that is cut out when we do the gluing at the point 1 E C^. Therefore the 
glued curve C has no self intersections near . As another check that this is correct, 
note that if they did not lie in this disc then the pushforward (a) would have a self- 
intersection near 1 G C'^, which is not the case. In fact, any two distinct meromorphic 
sections of £-3 meet in three points. But the sections a and a"' := (T07 of £-3 have two 
of their intersection points at the poles over 0, 00 and so have only one other intersection 
point. Hence there is a unique solution S C to the equation a{w) = a'^{w). But 

2 

then the unique solution to the equation a{w) = a'^ {w) is W2 = "ywi, and the unique 
solution to the equation a'^{w) = a'^ (w) is w-^ = ^^^wi. These three intersection 
points correspond to a single self-intersection of the pushforward section /*(o"). Hence 
the glued curve C has precisely one self-intersection. Moreover, because it was formed 
by gluing together two copies of S"^ — three discs, C has genus 2. Hence it can be 
smoothed to an embedded curve of genus 3. This is consistent with the fact that 
g{A) = 3. 

Another possibility would be to use the branched covering map f : T'^ ^ = 
of degree 3 with exactly three totally ramified branch points that is provided by 



Lemma 



3.1.7 



below, take a section p of f*{C^i) that has a simple pole at each of the 
branch points, and patch its pushforward /*(o") with a section a of that has three 
poles of order three and two zeros. 




Figure 3.1.2. (I) shows the domain S of a two- fold branched cover 
of the sphere with 6 branch points; the map quotients out by a half 
turn through the line through the branch points. (II) shows a schematic 
picture for the domain of a branched cover of 5^ with even degree m = 4. 
To get m branch points, one needs y — 1 "beads" (three are shown), S 
is the boundary of a tubular neighborhood of this one-complex, and the 
map quotients out by a rotation through angle 2Tr/m about the axis of 
symmetry. 

The following lemmas will be useful later. 

Lemma 3.1.7. For each m > 2, there is a degree m branched covering map / : S ^ 
of by a closed Riemann surface S with precisely m branch points, each of which is 
totally ramified i.e. has local model z ^ z"^ . 



Proof. When m = 26 is even, one can easily construct such a cover as in Figure 3.1.2 
In general, this is a classical result due to Hurwitz |H91| . One just needs to construct 
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a covering of S'^^m points of degree m whose monodromy round each deleted point is 
the cyclic permutation (12 • • • m); see |EKS84l Lemma 2.1]. □ 

Lemma 3.1.8. Suppose that Ci, C2 are orthogonally (and hence positively) intersecting 
embedded spheres, and let cji,cj2 be small, (not necessarily holomorphic) sections of 



their normal bundles that are normalized near the intersection points as in Lemma 3.1.3 
either to be constant or to have a simple pole. If Ci-C2 = 1 and the unique intersection 
point is resolved, then the resulting embedded curve is a sphere. If Ci ■ C2 > 1 and all 
intersection points are resolved then the resulting embedded curve has genus > 0. 

Proof. The topological effect of the patching process is the same whether the sections 
have a simple pole or are constant: it removes a small disc from each curve through the 
intersection point and replaces this by a cylinder x [0, 1]. Thus the embedded curve 
is obtained from the disjoint union of two 2-spheres by k disjoint positively oriented 
surgeries of index 1 (or equivalently by taking the connected sum at k different points), 
where k is the number of points resolved. The first such surgery makes a single sphere, 
and each subsequent surgery adds one to the genus. □ 

3.2. General position arguments. The following general position argument is well 
known: we include it for completeness. 

Lemma 3.2.1. Let B = Y!j=i ^j^j G H2{M) be such that 

• Bj 7^ Bk for each j ^ k; 

• Bj ■ Si > for all i, j ; 

• rrij > land = 1 if B"^ < 0; 

• for some Jq £ Ji'S), each Bj can be represented by a simple J^-holomorphic 
curve. 

Then B can also be represented by a (possibly disconnected) embedded curve that is 
orthogonal to S and J -holomorphic for some J G <J{S). 

Proof. First, consider the case when t = mi = 1, so that there is a simple Jq- 
holomorphic curve . It has at most a finite number of singular points qi = u{zi). 
Suppose first that none lie on S. At each of these it is possible to perturb locally 
to an immersed Jo-holomorphic curve by |Mc94il Theorem 4.1.1], and then patch this 
new piece of curve to the rest of by the technique of [McOl' Lemma 4.3], to obtain a 
positively immersed symplectic curve. This curve (C^)' is Jo-holomorphic except close 
to n Shell, where Shell is the union of spherical shells Shell{q) := Br^{q)\Br2{q) 
centered at the finite number of singular points q. Thus we can make it J-holomorphic 
for some J near Jq that equals Jq away from (C^)' Ci Shell. Hence even if some singular 
point q is in we can assume J G J(C^). Indeed, if there is a singularity q G we 
can avoid the analytic argument in |Mc94ij . since Jq is integrable and fibered near q. 
Hence the curve is the graph of some holomorphic section of the normal bundle 
to S with a zero of order > 1 at g, and it suffices to perturb this to a Jo-holomorphic 
section with transverse zeros and then patch the result to the original curve by a patch 
that does not intersect the zero set of C^j^- 



20 



DUSA MCDUFF 



Then (C^)' is immersed, and can be homotoped (keeping it symplectic) so that it 
has at most transverse double points that are disjoint from its intersections with the 
spheres in S. Then we deform (C^)' so that it is vertical near its intersections p 
with each , in the sense that it coincides with the fiber of the normal bundle ^^j.. 
at p. This maneuver is carried out in detail in |Mc94iil Lemma 3.11]. (We also have 
to be careful to keep it Jo-holomorphic near Cf ; but this is not difficult.) Then (C^)' 
meets each component of S orthogonally in distinct points. Moreover, by resolving 
all its double points (which lie away from C^) as in Lemma 3.1.3, we can assume that 



{C^y is embedded and still J-holomorphic for some J G JiS). This completes the 
proof when B has a simple representative . 

Now suppose that B = tuBq where Bq has a simple representative C^°. By the 
above we can suppose that is embedded, orthogonal to S and J-holomorphic for 
some J G J{S). Then for suitable J G J{S) a neighborhood M{C^\J) of can be 
identified with a neighborhood of the zero section in a complex line bundle over 
with nonegative Chern class. Hence we may represent the class mB^ by the union of 
m generic J-holomorphic sections of this bundle that intersect transversally. If Bq > 
each pair of these sections intersect, and by choosing generic sections we can assume 
that the intersection points do not lie on S. Hence after resolving these intersections 
as before, we get an embedded (possibly disconnected) representative of tuBq that we 
ffiially perturb to be orthogonal to S. 

This completes the proof when t = 1. If f > 1 we first resolve all singularities, so that 
each simple curve C^^ is immersed and meets the other C^'= as well as S transversally 
and positively in double points. Next, we perturb these double points to be orthogonal. 
We then replace the components with rrij > 1 by suitable nearby embedded curves in 
class rrijBj. Finally, we patch all double points to get an embedded curve in class 
B. □ 

The following extension of this lemma to multiply covered exceptional classes will 
also be useful. 

Lemma 3.2.2. Let J G J^{S) and suppose that and are transversally intersect- 
ing embedded J-holomorphic curves orthogonal to S, where B ■ E = k > 1 and E £ £ . 
Then, for each 1 < m < k, there is J' G ^7(5) that equals J on TC^ and an embedded 
J' -holomorphic curve C in class B + mE that meets orthogonally in exactly k — m 
points. 

Proof. First isotop so that it meets transversally at points in C^\S, and then 
change J near (but not on the tangent bundle TC^) to an element J' G >J{S) that 
is integrable and fibered near . Thus we can identify a neighborhood Af{C^) of 
in M with a neighborhood of the zero section in the holomorphic normal line bundle 
C^i to C^. Since the intersection points n do not lie on S we can also assume 
that J' is normalized near these intersection points to have the product form 7^^ as 



in Definition 3.1.1 and then manipulate further so that it is orthogonal to C^, 
intersecting it at the points gi, . . . , g^. Since \C^nC^\ = k>lwe may choose a (sma ll) 



nonvanishing section a of C^^ with a simple pole at qk, and then use Lemma 3.1.3 to 
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patch to the graph graph{a) of this section. Since (7{qi) ^ when z < A;, by 
using very smah patches at o" (gi ),..., (7(gjfc_i) we may do this without changing J' 
on or changing very near the intersection points Qi, . . . ,qk-i- Therefore, the 
resulting embedded curve lies in class B + E and intersects orthogonally at the 
points qi, . . . ,qk-i- Repeating this process ni — 1 more times (with smaller sections a 
each time) we finally construct the desired curve in class B + mE. □ 



Remark 3.2.3. To prove Proposition 1.2.9 we will need to carry out geometric pro- 



cedures similar to those in Lemmas 3.1.3, 3.2.1 and 3.2.2 above for generic smooth 
1-parameter families of nodal curves whose components are immersed and lie in given 
homology classes. Since the choices at each stage are contractible, there is no problem 
with doing this. 

We now explain how to "clean up" a nodal representative of the class A. As explained 
earlier, when J E ■JiS) for each such stable map (S"^)' there is a corresponding de- 
composition of the class A: 

s k 

(3.2.1) A = Y,iiSi + Y,n'^B'^, 



n'- > 0, each class B'- is represented by a simple J-holomorphic curve 



where > 0. 

{C^y, and Bj ^ Si for any 
J{S) in order to control the class B in (3.2.2). 



Note that we require J' to be a generic element in 



Proposition 3.2.4. Suppose that 6^(M) = 1 and that the class A satisfies the condi- 
tions of Theorem 1.2.1. Let (S^^)' he a J' -holomorphic nodal curve in class A with cor- 
responding decomposition (3.2.1). Then If J' € Jreg{S^oj.,A), there is J £ Jreg{S^uj,A) 
such that the class A is represented by a connected J-holomorphic nodal curve T,^ with 
components of the following types, where the ii are as in (2.3.1); 

• an li-fold cover of Si for i = 1, . . . ,s; 

• rrij-fold coverings of exceptional spheres in classes Ei,. . . ,Ee for e > 
that are mutually disjoint and orthogonal to S; 

• an embedded curve in the class B, that is 

— connected, unless B^ = 0, and B = mBo where m > 1, in which case it 
consists of m parallel copies of an embedded sphere or torus in class Bq; 

— orthogonal to S and disjoint from the spheres Cf . 
In particular 



(3.2.2) 



A = ^liSi + Y,mjEj + B, 



Ef = Ej- B = for 



where B is reduced, B^ > 0, d{B) > 0, nij > 0, Ej G £ and Ej 
all j i= j' with j, j' e {1, . . . , e} . 

Proof. Suppose first that J' £ JregiS^uj, A), and consider the components of the orig- 
inal nodal curve (S^)' that are not in S. These are n'-fold covers of simple curves 
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in classes Bj, where d{B'^) > for all i by Lemma 
J'. By Lemma 



3.2.1 



2.2.4 



(ii) and our hypothesis on 
we can assume that the curves in classes B'- are embedded, that 
they meet transversally, and that they are orthogonal to S. We may further assume 
that n'j = 1 except possibly if {B'^)"^ < 0. But if (-Bj)^ = 0, then the curve in class Bj 
has trivial normal bundle so that we can replace its n^-fold cover by n'j parallel (and 
disjoint) copies of the i?^-curve. By Lemma ?? (ii), the classes Bj with (Bj)'^ < lie 
in £. Relabel the classes Bj that lie in if as Ej,j = 1, . . . ,e' , and call the remaining 
(distinct) classes Bj,j = I, . . . ,k' . These other classes all have (Bj)'^ > and therefore 



m 



by Lemma 2.1.1 if k' > 1 these classes must all intersect. Hence by Lemma 3.2.1 
this case we may amalgamate all these curves into one embedded curve in a class 
B' with {B')^ > 0. Thus in all cases, we can assume that k' = 1, and that the class 
B' is represented by an embedded curve that is connected except possibly if {B')'^ = 0. 
Hence the decomposition is: 



(3.2.3) 



A = Y,^iSi + Y,rn'jE'^+B'. 



If B' ■ E'j 



and E' ■ E'. 



for all then the nodal curve S"^ is in the required 
form. Therefore we take Ej := E'- and B := B' ^ and it remains to check that we can 
assume S"^ is holomorphic for some J G JregiS ^lo^A). But the exceptional spheres 
are automatically regular, and the B curve is embedded and has d{Bi) > by 
construction. Hence this follows by Lemma 2.2.4 (i). 

We now complete the proof in the case when J' G JregiSjUJ, A) by showing how to 
arrange that B' ■ Ej = and E^ ■ E'j = for all If E'^- E'j > for some i ^ j then we 
can reduce the number e' of exceptional classes in the decomposition (3.2.3) as follows. 
Suppose without loss of generality that m'^ < m'j. By Lemma 3.2.2 we may form an 
embedded curve C in class [C] = E'- + Ej that is J"-holomorphic for some J" £ J{S) 
for which C^' is also holomorphic. Then > and so by Lemma 2.1.1 if B' ^ 
then either [C] • 5' > or [C]^ = and B' and [C] are multiples of one another. In 
the former case, we can use the method of Lemma [3.2.1| to make an embedded curve in 
class B" := B' + m'JC] that is J"-holomorphic for some possibly different J" e .7(5) 
for which all the curves except perhaps Cf are holomorphic. Since the class rn^E[ 
is now incorporated into the B" curve, this reduces e' by at least one. (It is reduced by 
two if m'^ = m'j.) In the latter case, we can also reduce e' by incorporating a curve in 
class w.^[C] into the i?'-curve; indeed the condition [C]^ = implies that E'- ■ Ej = 1 so 
that C is an embedded sphere, and since [C] -B' = 0, the i?'-curve must consist of some 
number of parallel copies of C to which we can add more copies. Finally, if B' = 
then we can use m[[C] as the new class B" , which again reduces e' . By repeating this 
process, we can therefore reduce to the case when all the exceptional spheres C^' are 
disjoint. Therefore we now define Ej := E'j. 
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The final step is to use Lemma 3.2.2| to reduce the number 



mjEj. 



3 

If K = there is nothing to prove. So suppose that B' ■ Ej^ = k > 0. If A; < mj^, we can 
create an embedded curve C in class B" := B' + kEjg that is disjoint from Ej^ and so 
replace the components in classes B', mj^EjQ by ones in classes B" , {rrtj^ — k)Ejg. Since 
Ejg -Ej = for all j ^ jo the intersections of the B" curve with the classes Ej , for j / jo 
are unchanged. Hence this reduces k by k. On the other hand, if A; > mj^ we form a 
curve B" in the class B' + rrij^Ej^ and remove Ej^ from the list of exceptional classes. 
This reduces k by ruj^y Continuing in this way, we eventually arrive at a situation in 
which K = 0. This completes the proof. □ 



Lemma 3.2.5. When the decomposition (3.2.2) is obtained from (3.2.1) as above, 
^(^)>E'=imax(0,d(n;.Bj)). 

Proof. The class B for the decomposition (3.2.1) is obtained in stages, each step re- 
placing components that lie in classes D,D' by a single component in class D + D' . 
These steps are of two kinds: 

• either D = mE and D' = mE' where E,E' £ £ have E ■ E' ^ 0; or 

• D^>0, {D'f > and L> • £»' > 0. 

For each D G H2{M;'Ij), define k{D) := max(0, ^d{D)). One can interpret this as the 
number of generic points that a generic J-holomorphic curve in class D goes through. 
For example, when D = mE we have d{mE) = —m^ + m < 0, so that k{mE) = 0, 
which corresponds to the fact that exceptional spheres are rigid. On the other hand if 
> and m,m' > then d{mD) + d{m'D) < d(^{m + m')D), which illustrates the 
fact that d (and hence k) increases as nonnegative curves are combined. 



For each decomposition P of ^ as in ( |3.2.1 ), let us define k{V) := k{n'jBj). Then 



we claim that if D' is obtained from D by one of the two kinds of steps above, we have 
k{'D') > k(T>). This is clear for steps of the second kind since the intersections of the 
classes D, D' with all other components are nonnegative. To check it for a step of the 
first kind, note that \i E = Ei,E' = E2 then we choose m := min(mi, 7712). Since the 
classes Ei do not contribute to k{'D), we have k{'D') — k{'D) = max(0, K) where 

771 

K :=k{m{Ei + E2)) +-{Ei+E2)- {A-m{Ei+E2)). 

But {El + E2)'^ > 2Ei ■ E2 - 2 > and ci{Ei + E2) = 2 so that k{m{Ei + E2)) > 0. 
Further (£^1 + E2) ■ Ei > since Ei ■ E2 > 0. Hence, because m < m^ for i = 1, 2, the 
second term is nonnegative also. This completes the proof. □ 

Definition 3.2.6. We say that a stable map T,^ is 5-normalized if it satisfies the 



(3.2.2) 



conclusions of Proposition 3.2.4 particular, its homology class A decomposes as in 



Remark 3.2.7. Suppose that > are multiplicities such that A' := A — ^11=1^1^1 
has Gr(j4') 7^ 0. Then there is no easy way to guarantee that A is represented by a 
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nodal curve (Y^^)' with precisely these multiplicities along S, since every J-holomorphic 
representative of the class A' with J € Jreg{S) might have some components in S; cf. 
Corollary 4.1.3 What we are claiming above is that if A has such a representative, 



then we can further arrange that the components of A' are as they would be for generic 
J ^ 'Ji'S), i.e. there is a main embedded component in a reduced class together with 
some multiply covered and disjoint exceptional spheres, with the added bonus that all 
these components are orthogonal to S. The proof is purely geometric. In particular, 
it does not argue that because Gr(^') / the required decomposition follows by 
considering a generic J-holomorphic curve through d'{A') points, as we did earlier (cf. 
the discussion around (2.1.1)). In fact because we would have J G ^7(5), such an 
argument would be circular: we are trying to figure out what such a representative 
would look like for generic J G JregiS), and so cannot assume anything about this 
during the course of the proof. 

4. Proofs of the main results 



4.1. Proof of Theorem 1.2.1[ We convert the local geometric procedures described 
in ^3.1 into global gluing results. We assume throughout the class A satisfies the 



conditions of Theorem 1.2.1 As a warmup we begin with some special cases. 

Lemma 4.1.1. Let S consist of a single curve of self -inter section —k < —2 and 
G _Jregi<S , oj , A) , and suppose that in the decomposition (3.2.2) of A in Proposi- 



Jo 
tion 



3.2.4 0.^^ iTT-i = 0- Then, there is J G JregiS ,u}, A) such that A has an embedded 



J-holomorphic representative that meets orthogonally in A ■ S distinct points. 

Proof. By assumption A = iS -\- B where d{B) > 0. We argue by induction on i. If 
£ = there is nothing to prove, li £ > 0, then B-S = A- S — £S-S > k£, and 



the nodal curve S"^ in Proposition 3.2.4 contains an embedded curve that meets 
in > ki distinct points. Choose k of these points pi, . . . ,pk, and a nonvanishing 
meromorphic section a of the normal bundle to C'^ with k simple poles at pi, . . . ,pk 
on . Then for sufficiently small v the graph of ua can be patched to the curve 
(the graph of the zero section) near each pi, . . ■ ,Pk by Lemma 3.1.3[ We obtain an 
immersed curve C in class B' = B + S that agrees with U graph(cr) away from 
the points pi, . . . ,pk. Since a does not vanish, the intersections of C with occur 
at the points C D = n C^\{pi, . . . and so are orthogonal by assumption. 



Using Lemma 3.2.1, we now resolve the new double points of C (corresponding to 
intersections of C" with graph((T)), to get an embedded curve [C^)' in class B' = S+B 
that is orthogonal to , and J-holomorphic for some J G J^{S). Then 

d{B') = d{S) + d{B) + 2S-B>2-2k + 2k£>0. 

(i) there is J G J^reg{<S, uj, A) such that the embedded curve 
£ — l)S + B\ this completes the inductive step. □ 

Lemma 4.1.2. Let S consist of a single curve of self -inter section —k < —2 and 
Jo S <Jreg{<S,u;, A), and suppose that A = S + mE, where m > 1 and E is represented 
by an exceptional sphere . Then, there is J ^ J'regi'S,uj, A) such that A has an 



2.2.4 



Therefore, by Lemma 
{C^y is J-holomorphic. Since A 
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embedded smooth J -holomorphic representative that is transverse to both and 



Proof. Let a 
We have A = 



= E-S. Then a > 0, since A is reduced by condition (iii) in Theorem 1.2.1 
mE + S where by hypothesis 

A- S = ma-k>^, A • = -m + a > 0, 



the latter holding because A^ E. Further, a > 1 since otherwise we have k < m < 1 
which is impossible when k >2. 

By Lemma 3.2.1 we may assume that the embedded curve meets orthogonally 
in a points qi, . . . ,qa, and choose J G ^7(5) n M{Jo) so that a neighborhood of is 
biholomorphic to a holomorphic line bundle £^ 



in Example 



3.1.5 



. We use the method explained 
If m = 1 then A: < a so that there is a meromorphic section of C^^^ 
, Qk that we can patch to a suitable meromorphic section of 



with simple poles at qi, 
C^i to obtain the desired curve C^. 



3.1.7 



there is a branched cover / : S — >■ 5^ of 



So suppose that m > 1. By Lemma 
S"^ of degree m by a closed Riemann surface S with precisely m branch points, each of 
which is totally ramified. Simce m < o we may choose / so that its branch points map to 
the intersection points n = {qi, . . . ,qm}- Let p be a nonvanishing meromorphic 
section of f*{C^i) with simple poles at the branch points f~^{qi), ■ ■ ■ f~^{qm)- Then, 
as in Lemma 3.1.5, the pushforward multisection may be matched to poles of 

order m at each of gi, . . . , and it also intersects transversally at m{a — m) other 
points, m near each of the remaining intersection points qm+i, ■ ■ ■ ,Qa- Since k < ma 
we may choose a meromorphic section a of with poles of order m at each of 
qi,... ,qm and other poles at the intersection points of /*(/?) with as needed. (If 
k < the section a will have some zeros as well.) Since k < ma, it is possible to 
place all the needed poles of a. We now patch these sections as in Lemma 3.1.5| to 
form a symplectically immersed curve in class ^4 = 5 + mE that is holomorphic near 
U , and whose only singularities are transverse positive double points. We then 
resolve intersections using Lemma |3.2.1| to obtain an embedded representative for A 
that is J-holomorphic for some J G J{S), that we can perturb to lie in Jreg{S,uj,A) 
by Lemma [2.2.4] (i). □ 



With these preliminaries in place, we now explain the proof of Theorem 1.2.1 when 
S has just one component. 



Proof of Theorem 1.2.1 when S has one component Since A is reduced and by hy- 



pothesis Gt{A) 7^ 0, for each J G J{S) the class A has some connected J-holomorphic 



representative. Thus there is a correspond ing de composition (2.3.1) and nodal curve 
{Ti^y as in the hypothesis of Proposition 3.2.4 
represents the class i' S for some 



> 0. If e 

we may convert it into a single embe dded curve by Lemma 

holds if (S^)' has < f < 



In particular, the component in S 
0, then because (S^)' is connected. 



1.2.1 



3.2.1 



We now sup- 



pose inductively that Theorem 
case £' = ^. Applying Proposition |3.2.4 
normalized representative = {11 



and consider the 
we may therefore assume that A has an 5- 



in the sense of Definition 3.2.6 and will produce 



26 



DUSA MCDUFF 



a representative of the form (S"^)' = (S"^)'^ for some different decomposition with i' < £. 
The desire d curv e then exists by the inductive hypothesis. 

Lemma 4.1.ll considers the case when the 5-normahzed nodal curve S"^ involves 
no exceptional spheres. The remaining case is when there are s ome multiply covered 



exceptional spheres. For this, we must generalize Lemma 4.1.2 to the case when S"^ 
has 

• some (possibly multiply covered) disjoint exceptional spheres in classes rnjEj, 
J = 1, . . . , e, with ruj > 1, 

• a possibly disconnected embedded curve that is disjoint from the Ej-cmves, 
as well as 

• some copies of C'^ with total multiplicity i. 

Then A = Yl'j=i ''^j-^j + B -\- £S, and aj := Ej ■ S > 1 because is connected. Hence 
we have 

(4.1.1) A . 5 = ^ rujaj + h-£k>0, A-Ej = -mj + iaj > 0. 

As explained above, we will argue by induction over i. If 

h:=B-S>k, 

then we can use Lemma 14.1.1 to resolve k of the intersections of the curves with 
, thus reducing £ by one. Therefore we may assume that h < k. 

Further if e + h > k then we may construct an immersed curve in class B' : = 
S + X^jZj* Ej + i? by choosing for each j = 1, . . . ,k — h a nonvanishing meromorphic 

section pj of with pole at qj and a nonvanishing meromorphic section a of vC^^ 
with poles at the points qi, . . . , qu-h as well as at n , and then patching a to the 
union of with the graphs of the pj . The resulting curve C meets transversally 
near the other points of intersection of with . Further since B'^ ,k — h> 0, 

k-h 

{B'f = B"^ - {k - h) - k + ^2aj + 2h> -2k + 3h + 2{k - h) = h > 0, 
since each aj > 1. Further it meets Cf positively for any j < k — h with > 1. Hence 



we may incorporate these curves into as in Lemma 3.2.1 and proceed with 
reduced i and e. 

The remaining case is when e + h < k. We first claim there are integers 1 < m'j < 
m.m{mj , aj) for j = 1, . . . , e so that 

e 

(4.1.2) k<^m'jaj + h. 

i=i 

To see this, assume without loss of generality that oi > 02 > • • • > 1. If m'j = 1 for all 
j, then because e + h < k we have X]j=i "^j — ^- increase the m'j for j = 1 in 

steps of size 1 to its maximum value min(mj, aj), then repeat this for j = 2, then j = 3 
and so on. Since the sum Yl'j=i increases by 1 each time, we either attain equality 
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Sj=i ^'j = at some stage, in which case k < X]j=i + ^ since aj > 1 and h > 0, 
or we ha' 
we have 

(4.1.3) 



or we have Yl'j=i inin(mj, aj) < k. In that case, using mj < iaj and m'j = min(mj, aj) 



mj<aj mj>aj 
mj<aj mj>aj 

— 5^ m^aj + mjOj + h 



as required. This proves the claim. 

Let Cf' n = {qji, ■ ■ ■ iqj aj}- For each j choose a branched covering map fj 



3 

Sj — )• of degree m^- with exactly m^- totally ramified branch points with images 



91, 



as in Lemma 



3.1.7 



(If m!- = 1, take fj to be the identity map with 

"branch point" at qi.) Choose a nonvanishing meromorphic section pj of fj{C_\) with 
simple poles at each branch point, and consider its pushforward {fj)*{pj)- As in the 



proof of Lemma 



4.1.2 



this can be patched to a section a of C^i., accommodating up 



to m'^aj poles. Because k < ^'j=i m'jO-j + h we can match all the needed poles of a, 
though fj might also has some simple zeros. Therefore the standard patching process 
gives us an immersed curve C in class 

(4.1.4) B' := S + ^m'^Ej+5{B), 

where d{B) is the sum of the classes of those components of that are attached to 

'jttj + 5{B) ■ S. Further 5{B) = B unless B"^ = 0, in 



m 



a pole of a. Therefore k < Yl'j=i 
which case {S{B))'^ = as well. Hence we have 



{B 



i\2 



> S-S + iY, m'jEjf + 2S ■ 5{B) + 25 • (^ m'^Ej) 
= -k-J2{m'jf + ■6{B) + 2Y^', ' 

> -k + 2S ■6{B) + Ymjaj > 0, 



rrijaj 



where the second inequality holds because m'j < aj and the third follows from (4.1.3) 



Hence we have a representative of A consisting of copies of S with total multiplicity 
{i — 1) together with the i?'-curve we have just constructed, as well as the other 
components of B and the Ej that did not go into making B' . By Lemma 3.^ 
can adjoin to the i?'-curve any of the components in classes B or Ej that intersect it 



we 



thereby getting a stable map S as in Proposition 3.2.4 involving copies of S with total 



multiplicity (^ — 1). This completes the inductive step. 



□ 
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Proof of Theorem 1.2.1: general case. Now S = (Cf , . . . , Cf ) consists of several chains 
of curves in classes Si, . . . ,Ss with self-intersection numbers —ki,...,—ks. As in the 
special case already considered, for every J e J'regiS,uj, A) there is some stable map 
representing the class A. Moreover, we may suppose that this is 5-normalized, so that 

s e 

(4.1.5) A = ^£iSi + Y^ mjEj + B, Ej ■ B = 0. 

i=i j=i 

Our aim is to "detach" the ^-stable map from S as much as possible to obtain an 
^-curve that intersects 5 in a finite number of points using the patching processes 
explained in Lemma 4.1.1 and 4.1.2 These are local processes that only alter the A- 
stable map and J near the components of S where patching occurs. Hence, we can 
forget the components of S with ii = 0. We then argue by induction on the total 
multiplicity £ = X]i=i ^i- 

The process is as follows: starting with Y^a = (^'^)o we construct a new stable map 
of the form {T.^)[ with decomposition A = J2i=i^iSi + Ej^jOH^j)^ as in ( [2XT|) 



where Yli=i^i <(■'■= Ei=i^«- We then carry out the process in Proposition |3.2.4 
to obtain the 5-normalized stable map (S"^)i with these multiplicities {£})■ The new 
values (ij) are obtained from the (ii) as follows. 

• We first choose any maximal connected chain Sm in S. 

• Next, pick a local maximum for the multiplicities fj^, . . . , of 
the elements in Sm and denote by / = [ii, . . . ,12] 3 {m} the largest interval 
containing m on which equals this maximal value £m . 

• Then there is a nonempty set Iq that is either equal to this maximal chain / 
or equal to the singleton {i} for some i G Sm, and we set := £i for i ^ Iq 
and £\ := £{ — I for i ^ Iq- 

• Finally we discard the components of S with new multiplicities ij = 0, obtain- 
ing a new singular set S' . 

Thus the first step is to choose a maximal connected chain in 5. If there is one 
consisting of a single sphere we reduce i by carrying out the process described in the 
special case. Otherwise, choose such a chain Sm, and label its spheres Si,i = 1, . . . , Sm- 
For convenience, we also define Iq := =: ^s^+i, ignoring the other spheres in S. 

For each i = 1, . . . , Sm denote 

hi := B ■ Si, Ej ■ Si = ttij. 
Because A ■ Si >0 for all i and A ■ Ej >0 for all j we have 

(4.1.6) £i-i-£iki + £i+i + '^mjaij + hi>0, Mi, 

3 

(4.1.7) J^^iaij-mj>0 Vj. 

i 

The new difficulty is that we may not be able to treat each sphere in Sm in isolation. 
For example, suppose that Sm has two intersecting spheres each with self-intersection 
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-3, and that A has £i = ^2 = 1, = ^2 = 2 and no components Ej. Then, we can 



patch the B curve to Cf UCf^ in one step via Lemma 3.1.3 provided that we choose the 
meromorphic section ai of the normal bundle to to have poles at its intersection 
points with Cf U , and similarly choose the poles of fT2 at Cf n (Cf U C^). This 



gives a curve in class Si + S2 + B disjoint from S. Similarly, if £1 = £2 = 2, ( |4.1.6 ) 



implies that hi > 4 for i = 1,2. Patching one copy of Cf U C2 to as above gives 
an immersed curve in class B' = B + Si + S2 that intersects Sm orthogonally, because, 
as usual, the sections never vanish. Therefore we can repeat this process to get an 
immersed curve in class A that is orthogonal to Sm- Hence its embedded resolution is 
the curve we are looking for. Thus, as in the case s = 1 considered above, the problem 
is essentially combinatorial. To explain the idea we first restrict to the simplest case. 

Case 1: No Ej intersects Sm- 

In this case there are hi transverse intersections of Cb with Sm, and because 

we are assuming that Sm is connected, each interior Si has two intersection points with 
Sm, while the end curves Si,Ss^ have one each. If hi > ki for some i, then we can 
reduce ii by one by patching a section ai of with poles at ki distinct points in 
-B n 5i to B. Thus in this case we take /q = {^}- 

From now on, we assume that hi < ki for all i. Choose the interval I = {ii < i < 12} 
on which the function i 1— )• £j is constant and maximal. In particular < £i^ and 

£i2+i < £12- If H = '12 = i, then £i > £i±i- Because at least one of £i±i is nonzero (since 



> 1), we must have £i>2. Then (4.1.6) implies that 



(4.1.8) 2<k,< ^-^+^-+^ + ^- < ^A^l±h 



we must have hi > 2 + £i{ki — 2). Since ki > 2, this implies hi > ki, contrary to 



hypothesis. Hence we must have i2 — h ^ 1- Then (4.1.6) implies that ki < 2 + hi for 
ii < i < 12- Further, 

^ii ^ £ii — l/£ii + 1 + ^ii/ £ii , 

implies that /cj^ < 1 + /lii . Similarly, ki^ < 1 + /ijj • Therefore we can attach a curve 
in the class X^^Lj^ Si to B by considering the representative of YlT=h '^i formed by the 
union of meromorphic sections ai,ii < i < 12, with poles either at intersection points 
with or with the adjacent Cf for ii < i < 12- In order for the resulting curve 
C to be transverse to S it is very important that the above sections ai are chosen to 
have poles at all the intersection points of Si with the adjacent spheres Si±i in the 



chain Si-^, . . . , Si^- For then part (ii) of Lemma 3.1.3 implies that adjacent spheres are 
patched pole to pole and hence by nonvanishing sections. We can choose sections with 
this property because, by assumption, ki > 2 for all i. This gives a curve C that is 
transverse to S and J-holomorphic for some J G JiS), and hence a representative for 
the class A with reduced £. Hence the result holds by induction. 

Case 2: The general case. 

We use the ideas in the proof of the special case s = 1. For each Si G Sm, define 

Jii) := {j : Ej - Si / 0}, 
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and note that aij = Ej ■ Si > 1 for all j £ J{i)- The analog of condition (4.1.2) is 



(4.1.9) 



m'^aij + hi, 



1 < m'j < min(mj, Oj 



V) 



If there is a solution { m^ : j E ^(01 to these inequalities for some i, then, using the 
construction in Lemma 4.1.2 for (4.1.4), we can form a curve in class YljeJ{i) 
5{B) + Si that is orthogonal to 5, where 5{B) is the sum of the components of B that 
are part of this curve. Taking this together with the ot her co mponents of S"^ gives a 

with Ylii reduced by 1. 



3.2.4 



nodal curve (S"^)'^ of the form considered in Proposition 

We now claim that, just as in Case 1, if there is i such that Hi > then (4.1.9) has 
a solution. In fact, if we replace hi in that argument by h'^ := Ylij!^j(i) f^jCLij + hi, then 
we find that ki < h[ = '^j^j(^i^ mjaij + hi. The proof that (4.1.2) has a solution then 
implies that (4.1.9) has a solution for this i. Therefore, in this case we take Iq = {i}. 

If the £i have no local strict maximum, then there is a subchain Sm ■= {Si, ii < i < 
^2} with i2 > ii, and ii = ii-^ > max(4j_i, ^jj+i) for all ii < i < 12- Define: 



e(i) := 2, ii < i < 12, = £(^2) 



1. 



We first claim that it is possible to find integers m'- such that for all h < i < 12 and 
all relevant j we have: 



(4.1.10) 



ki < e{i} + 



< m.j- < 



mva.[mj,aij] 



As in the case of the equation (4.1.2), because aij > 1 for all j G J{i)i this equation 
has a solution provided that 



(4.1.11) 



ki < £{i) + ^ nim(mj,aij)aij + hi. 



ii. If li^ = 1, then ii = 1 (and 
and (4.1.11) is the same as (4.1.6). 
Otherwise, li-^ > 2 and we argue as in (4.1.3): namely, taking i = ii and summing over 
j G Jih) we have 



Next, to solve (4.1.11), first consider the case i 
12 = s), and ruj < aij for all i, so that £i^-i 



ki, < 1 + 



< 1 + 



+ 



hi-, 



~J. ^ 2^ mm(mj, 



~l~ hi, . 



Therefore (4.1.11) holds because ki, is an integer while the only term on the right that 
(-i -1 

is not an integer is — < 1. A similar argument works ai i = 12. The argument is 



easier for ii < i < 12 because then e(i) = 2 and all equations, both (4.1.11) and (4.1.6) 
divided by ii, have an added 2 on both sides. 
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Now let m'' = maxj m'-. We will build a curve C in class 
(4.1.12) Yl Si + Y,m",E,+5{B) 

il<i<i2 j 

in the usual way from sections cjj over Cf with simple poles, multisections {fj)*{pj) 
over Cj" , and some components of the curve lying in the class 6{B). Further: 

(a) For each j there is i := such that m" = m'^j < aij. Hence we may choose 
fj so that the images of the branch points of fj form a subset of the aij disjoint 
points in Cf H C^. Then we require that pj has simple poles at the branch 
points of fj as before. 

(b) We assume that for i G Sm each cTj has poles at its e(i) intersections with the 
other spheres in Sm and other poles as described in (c), but no poles at its 
intersections (if any) with the spheres in S\Sm- 

(c) For each i and for each j with = i, we choose ai to have poles of order 
m'j at each of the branch points of fj. For j with i ^ «(i), the multisection 
ifj)*{Pj) meets at m" disjoint points that are close to the intersections 

n Cj", and we allow cjj to have simple poles at as may of these points as 
necessary. Since the curves Cj" ,j = 1, . . . , e, are disjoint, these conditions are 
compatible. Moreover, the inequality (4.1.10) shows that a suitable section cjj 
does exist, it might have to have to vanish at some points. 
With these sections, we now construct the curve C in class B' = Ylii<i<i2 '^i + 
Ylj'^'j^j + ^{B) by patching the Si G Sm with the multisections {fj)*{pj) and the 
appropriate components of . Finally, we resolve all double points of C" to get an 
embedded curve (C^)'. By construction this will be orthogonal to S except possibly 
at the zeros of the sections ai and the point s whe re the graph of cjj^ meets Si^-i and 



the graph of cjj,^ meets 5*42+1. As in Lemma 3.2.1, we can perturb (C^)' so that these 
intersections are also orthogonal. This constructs the required stable curve (SaYi with 
£i = i — {i2 — ii + 1) < i, and hence this completes the inductive step. □ 

Corollary 4.1.3. Given multiplicities £i,i = 1, . . . , s, define A' := A — X]i=i ^i^i '^^^ 
suppose that 

(i) Gr(^') / 0, 

(ii) each E £ £ such that E ■ A' < satisfies E ■ Si > for all i = 1, . . . , s. 
Then A has a representing S -normalized stable curve T,^ with these multiplicities £i. 

Proof. Consider the class A' and write it as ^rrijEj + B where B is reduced and 
B ■ Ej = 0,Ei ■ Ej = for i ^ j. Since Ej ■ Si > for all i,j by (ii), the proof 
of Proposition 1.2.5 shows that each class Ej is represented by an embedded sphere 
for all J G Jswi'S, A). Further, (i) implies that d{B) > so that we may apply 



Theorem 1.2.1 to conclude that for some J G Jreg{S ,u}, A) the class B is represented 
by a J-holomorphic embedded curve that is orthogonal to S. Since Jreg{<S,co, A) C 
J'sw {-S , u} , A) , it follows that there is J G J'reg{S,uj, A) such that all the classes Ej,B 
are represented by embedded curves. Since Ej ■ B = 0, these J-holomorphic curves are 
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necessarily disjoint, and by Lemma |3.2.1 we can maneuver them to be orthogonal to 
S. Therefore we may form the required nodal curve using these embedded curves. □ 



Corollary 4.1.4. CoroUary \1.2.3\ holds. 

Proof. Since the condition g{A) = g is equivalent to ci{A) = 2 — 2g + it is ho- 
mological in na ture. Hence the embedded curve whose existence is guaranteed by 
Theorem 1.2.1 must have genus g. It is constructed from the initial nodal curve {T,^)' 
in stages by an iterative process, starti ng with (S'^)o which is the cleaned up version of 

and then forming (S"^)'^ and (S"^)!, then (S'^)2 
Note that the initial cleaning 



3.2.4 



(T,^)' constructed in Proposition 
and (S'^)2 and so on, as i n the proof of Theorem 



1.2.1 



up process in Proposition 3.2.4 is possible only because the fact that (-B')^ — allows 
us to arrange that B' is simple. This is why we need the initial J to be generic. 

Now notice that at each step, the stable map (5]"^)^ contains some of the compo- 
nents of {Ti^)k-i together with a new immersed curve C in a class B' of the form 



(4.1.12), which is obtained by patching (approximations to) the remaining components 



via Lemma [3.1.3 These "approximations" are graphs of meromorphic sections and to 



form C we only resolve intersections that involve at least one pole. Then (S )fc is 
constructed from (S"^)^ by first resolving intersections of C either with itself or with 
the other components of (E'^)'^\5 and then making the intersections with S orthog- 
onal. At each stage the maximal genus of a component of (S"^)^ or (S'^)^ can only 
increase, as can the sum of the genera of these components. Hence if has genus g, 
the sum of the genera of the components of all the intermediate nodal curves (S"^)^ 
or must be < g. In particular, this must hold for the starting stable map. This 

proves the first claim in the corollary. The second claim follows immediately from the 
fact that resolving any self-intersection of a connected curve increases the genus of the 
curve that parametrizes it. □ 




Figure 4.1.1. This example is discussed in Remark 4.1.5 The com- 
ponents of S have Sq = Sf = S2 = —2 but 5| = —3, and all 
intersections are shown. We take A = 2So + Si + S2 + S3 + B. 
This example can be realized in the nine point blow up of CP^ with 



So = L- 
and B = 



2L- 



1,3,9 -^i' 
- — Ea. 



— E1—E2, S2 — E3 — E4, S3 — L — Y^ 

Note thatiS is negative. 



1=5,6,7,8 



Ei 



Remark 4.1.5. We now explain the reason for the restrictions that we put on the 
singular set S in Theorem 1.2.1 First, we required that ki>2. This condition is used 
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in the argument in Case 1 of the proof of Theorem 1.2.1 that involves equation (4.1.8). 



A similar difficulty with this calculation occurs whenever S has a component Si (such 
as 5*0 in Figure 4.1.1) with self-intersection —ki, where ki is less than the number of 
components of S that intersect Si. For example, if ^ = 25o + Si + S2 + S3 + B and 
the pattern of intersections is as in this figure, then one can check that A ■ Si > for 
all i. Hence if d{B) is sufficiently large we can assume that d{A) > 0. The method 
above would tell us first to incorporate one Cq component in T,^. But this is impossible 
without involving some other since B ■ So = 1 and there is no meromorphic function 
on Cq with just one simple pole. In fact we cannot glue any of these components 
together without gluing in a two- valued section over Cq . On the other hand, if we did 
allow this we could resolve all the singularities of A in one step. More generally, to deal 
with more general singular sets S one would have to consider branched covers of the 
components of S as well as of the exceptional divisors. This procedure should allow 



one to remove many, if not all, of the restrictions on S in Theorem 1.2.1 



4.2. Numerical arguments. This section proves Proposition 1.2.7 Throughout we 

where J G J{S,A) consider the cor- 



assume that b2 = 1- 

Given any J-holomorphic stable map (S^)' 
responding decomposition A = iiSi + ^'j. 



ifijB'- of (2.3.1). Order the classes B'- 



(assumed distinct) so that B'^ € 8 for j < p and Bj ^ £ otherwise, and write Ej :- 
for 1 < j < p, and B' := J2i>v''^'i^'i- Then 



J 
^3 



(4.2.1) 



i j=l j>p 



We will assume that the decomposition is nontrivial, in the sense that A^ B' . When 
A is reduced this is equivalent to requiring that some ^i > Note that the above 



decomposition is not the same as that in (3.2.2) since we may have B' ■ E'- ^ Q for some 
j < P- Further, 

(i) 5' / imphes B' -{A- B') > 

because (S"^)' is connected. Moreover, if J G Jreg{S,A), then Lemma 
that we also have 

(ii) {B'.f > for j > p. 



2.2.4 



^ii) implies 



Lemma 4.2.1. Suppose that hf = 1, 



spheres, and suppose that A satisfies the conditions of Theorem 1.2.1 



let S he some singular set whose components are 

Suppose further 



that for any decomposition (4.2.1) for A that satisfies (ii) above we have d{B') < d{A). 
Let kA '.= \d{A). Then, for J G Jreg{S), there is an embedded J-holomorphic A-curve 
through every generic kA-tuple of points in M. 

Proof. By definition of Gr(^) there is for each w-tame J a J-holomorphic representative 
of the class A through every set of ■= ^d{A) points in M. Let J E J'reg{S ,uj, A) 
and consider a J-holomorphic representative (T,^)' of A with nontrivial decomposition 
(4.2.1). If we remove the rigid components in the classes iiSi and n'-E'- from (T,^ 



we 
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are left with a (possibly disconnected) stable map S' in the class B' := Y2j>p^'j^j^ 
where by construction Bj,j > p, are the classes of its underlying simple components. 
Since J is generic, and d{Bj) := (Bj)'^ + ci{Bj) is the Fredholm degree for simple 
curves in class B'j, each such component has d{B'-) > 0, and hence {B'-Y > by 
Lemma 2.2.4 (ii). Therefore condition (ii) holds, so that d{B') < d{A) by hypothesis. 

Suppose that {B'jf = for j G Ki and (B'j)^ > for j G K2. If (B'jf > then the 
corresponding component in (S"^)' is a multiply covered copy of a simple -B^-curve and 
cannot go through more than ld{B'j) generic points. Moreover d{n'jBj) > d{Bj). On 
the other hand, if (Bj)'^ = then the corresponding components in (T,^)' go through at 
most d{n'jBj) = n'jd{Bj) generic points. Hence the nodal curve (T,^)' can go through 
at most generic points, where 

D:=Y: n^d{B'^) + ^ d{B'^). 

But because Bj • -B^ > for all j ^ k it is easy to check that D < d{B'). But 
d{B') < d{A) = 2kA- Therefore, by standard arguments, we can choose points that 
do not lie on any such nodal curve (^a)' ■ C 

We now give two different sets of conditions under which d{B') < ^(^4). First 
we discuss the genus situation, using an argument adapted from Li-Zhang [LZ121 
Lemma 4.9] 

Lemma 4.2.2. Suppose that = 1, let S be any singular set, and suppose that A, 

ci{A)) = and 



1.2.1 



has g{A) := 1 + ^{A"^ 



satisfying the conditions of Theorem 
d{A) := + ci{A) > 0. Then for any nontrivial decomposition (4.2.1) for A that 
satisfies condition (ii) we have d{B') < d(A). 

Proof. The statement holds when B' = since d(0) = < d{A). Therefore we may 
suppose that B' ^ 0, A. Next notice that for any class B with a connected simple 
J-holomorphic representative, we hav e g{B ) = I + 1{B'^ - ci{B)) so that ld{B) = 
1 + B^ — g{B). If there are any B'- in ( 4.2.1[ ) with {Bj)"^ > or if there are two classes 
Bj of zero square, then by Lemma 2.1.1 the B' curve is connected, and hence has a 

Therefore, ld{A) = 1 + while 



3.2.1 



simple representative for some J by Lemma 

ld{B') < 1 + (5')^- Therefore, it suffices to show that {B')"^ < . But 

A^-{B'f = {A+B')-{A-B') = A-{Y^£iSi+Y,njE^)+B'-{A-B') > B'-{A-B') > 0, 

where the first inequality holds because of the assumptions on A in Theorem |1.2.1| and 
the second (strict) inequality holds because, as we noted above, (S"^)' is connected and 
Ai^B'. 



This completes the proof unless B' 
(11) either ^(S^) 



Lemma 



2.2.4 



uB'q where [B'q] 



1 and diB'o) = diuB'^) 



= 0. In this case, by 
0, or g{B'Q) = and 



^Instead of condition (ii) they use the hypothesis that A is J-NEF, which implies that A - B'j > Q 
for all j. 
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d{nBQ) = n. In the first case we still have ^d{B') < 1 + {B')^, and so the previous 
argument applies. It also applies if n = 1 and g^B^) = 0. Therefore, it remains to 
consider the case Q^Bq) = and d^uB'^) = n > 1. Then B' ■ (A — B') > n since 
B' has n disjoint components, while ^d{B') = | < n — 1. Hence d{B') < d{A) if 
n — I < = — {B')"^. But this holds by the calculation above and the fact that 
B' ■ {A - B') > n-l. □ 

Secondly we extend an argument from Biran jB99j . Note that it does not require 
6^ = 1 or condition (ii). Instead, we have a strong condition on S. 

Lemma 4.2.3. Let S he any singular set whose components satisfy ci{Si) = for all i, 
and let A satisfy the conditions of Theorem 1.2.1. Then for any decomposition ( |4.2.1 ) 



for A, that is nontrivial in the sense that Ej + B' ^ 0, we have d{B') < d{A). 

Proof. Let us write Z := iiSi. First suppose that i?' = so that A = Z + J2j "-j-^j- 
We must show that d{A) > = d{B'). By assumption A^ Z. Further, 

d{A) = A^ + ci{Z + Y^ n'jE'j) = A'^ + ^n'j>0 
j 

unless A G £ and Yl^'j ~ ^- -^^^ then A = Z + E where E £ £, so that 

= A"^ + 1 = Z^ + 2Z ■ E + E"^ + I = Z^ + 2Z ■ E. 

On the other hand, by assumption A-Z = Z'^ + E- Z>0. Since Z ■ E > 0, this is 
impossible. Hence when B' = we have d{A) > as required. 

Now suppose that B' ^ 0. Note also that A ^ Ej for any j with mj > since 
uj{A - Ej) > 0. Hence 

A- Ej = + ^ rukEk) ■ Ej = Z ■ Ej - ruj > 

k 

SO that 

(4.2.2) < ruj < Z-Ej, Vj. 

By assumption on the Si, we have ci{Z) = 0. Therefore 

diA)-d{B') = {Z + J2n'jE'j+B') ■A + J2n'jCi{E'j) + ci{B')-d{B') 

j j 
= {Z + Y,n,E'^+B').A + Y,n,c,{E'^)-{B'f 

j j 
= Z-A + ^njE'j -A + B'-iA-B') + ^n'jCi{E'j) 
j j 

> Z ■A + '^n'jyO, 

j 

where the strict inequality uses the fact that Ej-A>0 and that B' ■ {A — B') > 0. 
This completes the proof. □ 
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Corollary 4.2.4. Proposition \1.2.i\ holds. 



Proof. Part (i) is an immediate consequence of Lemmas |4. 2. 3 and 4.2.1 Part (ii) holds 



by Lemma 1.1.3 



(because d{A) 

d{A) > by Lemmas [42^ and |4.2 . 1 



Finally, the last claim holds when d{A) = by Proposition |1.2.5 
g{A) = for a reduced class implies that A £ £), and holds when 

□ 



Remark 4.2.5. (i) Biran actually assumed that A - Si + ci{Si) > for all i. However, 
In the applications of interest to us, we usually know only that A ■ Si > 0. Hence we 
replaced Biran's condition by ci(5j) = for all i. 



(ii) We assumed in Lemma [4. 2.1 that the components of S are spheres for the following 
reason. The crucial condition that makes the calculation in Lemma |4 . 2 . 31 work is that 
ci{Si) = for all i. If g{Si) > then because ci(5j) = 2 — 2g{Si) + S'f we would either 
have g{Si) = 1 and Sf = or Sf > 0. In the second case d{Si) = ci{Si) + Sj > 0, 



so that the Si-cmve would not be rigid, and the argument in Corollary |4.2.4 would 
fail. In the first case, the argument would hold but would tell us nothing new because 
for generic elements J G ^7(5) the component Si is regular. Hence we could reduce 
to the case when all components of S have genus by simply removing these regular 
components 5^. 



(iii) The statement of Proposition 1.2.7 refers only to the existence of a single embedded 
representative of A for a single generic J. However, the above proofs can easily be 
modified to get existence for generic 1-parameter families Jt (as needed for inflation, 
cf. Lemma 4.3.3): the arguments in Lemmas |2.2.4 (ii) and 4.2.1 both hold for 1- 
parameter families of J since the index IndD^^jj is always even. (Cf. the proof of 



Lemma 2.2.3 (iii).) This modification of part (i) of Proposition 1.2.7 is therefore all 
that is needed to complete the proof of the key technical Lemma 2.18 in |Mc09iij . since 
in that paper all the curves in S have self- intersection —2. 



4.3. Symplectic inflation. We now prove Proposition 1.2.9 
we assume that (M, u 



Throughout this section 



is a blow up of a rational or ruled manifold. The proof is an 
adaptation of the inflation method that was developed by Lalonde[L94j and |Mc98j . 
and then extended by Biran jB99t §6]. When S is empty, the key step is to prove the 
following claim. 



Lemma 4.3.1 ( |Mc98 ]. Lemma 1.1). Let A be a reduced class in H2{M]'L) with non- 
negative self-intersection number and nonzero Gromov invariant Gr(^). Then, given 
any smooth family uJt,0 < t < 1, of symplectic forms on M with ujq = oj, there is (after 
possibly reparametrizing with respect to t) a family of closed forms pt on M in the class 
Poincare dual to A such that the family 



T^t ■= + UPt, < t < 1, 



is symplectic for all k >0. 



The statement in Proposition 1.2.9 (for 5 = 0) then follows by carefully choosing 



classes A along which to perturb [uit]. By this means we construct a 2-parameter family 
uJst ■= + ^^sPt^ < s, t < 1, of symplectic forms such that 
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• UJQt = UJt for t £ [0, 1]; 

• uj sO = ijO and w^i = uj' for all s; 

• [uJit] = [i^] for all t. 

Then the isotopy (pt exists by applying Moser's argument to the family wu, < t < 1. 

When S is nonempty, we use the same strategy of proof. In fact the arguments in 
[Mc98| prove the following. 

Lemma 4.3.2. Suppose that for each family ut satisfying the conditions of Proposi- 
tion 1.2.9 and for each reduced class A in H2{M; Z) with A G and A- Si > for all 
i, there is (after reparametrization) a family of closed forms pt,t £ [0, 1], on M such 
that for all t G [0, 1] 

(i) [pt] is Poincare dual to A; 

(ii) pt\si ^0 for all i and has support disjoint from the intersections Cf ■ Cj ; and 

(iii) the forms r^t '■= oot + i^pt are symplectic for all k > 0. 



Then Proposition 1.2.9 holds. 



The first step in the proof of Lemma 4.3.1 is to notice that when A G we have 
d{qA) — )• oo as g — )■ oo because q^A^ grows quadratically with q while K ■ qA grows 



linearly. Hence Lemma 2.1.3 implies that GT{qA) ^ for some g > 0. One then shows 
that for any generic smooth family of Wt-tame almost complex structures Jj, there is 
a corresponding family Zt of embedded Jt-holomorphic curves in class qA. This may 
not hold for an arbitrary generic path in J{S). Instead, we prove the following slightly 
more complicated statement. 



Lemma 4.3.3. Let u}t,t G [0, 1], be a path of symplectic forms as in Proposition 1.2.9. 
and suppose given a reduced class A G such that A- Si >0 for all i. Suppose further 
that d{A) > (in the rational case) or that d{A) > g + j (if M is the k-point blow up 
of a ruled surface). Choose a smooth path Jt G J'{S,ujt,A),t G [0,1]. Then, possibly 
after reparametrization with respect to t, {Jt)t&[Q^i\ can be perturbed to a smooth path 
{J't £ ■Jsw{S,ijJt^-A))i^\^Q such that there is a smooth family C^,t G [0, 1], of embedded 
J'-^-holomorphic curves in class A. 



2.2.3 



we 
the 



Proof. Since the space {J^^^^q ^Jsw{S ,ij.^t: ^) is path connected by Lemma 
may choose {Jt) to be a generic path in Jt G Jsw{S,^jJt-,A) for all t. Consider 
following compact space of stable maps: 

X := [j M{A,Jt). 

tG[0,l] 

This space is stratified according to the topological type T of the domains of the stable 
maps, where T keeps track both of the structure of the domain and the homology classes 
of the corresponding curves. These strata Xt are ordered by the relation that T' < T if 
a stable with domain of type T can degenerate into one of type T' . Since Jt ranges in a 
compact set there are a finite number of such decompositions A = ^i^iSi + ''^'j^j 



as in (3.2.1 ). If we "clean up" each of the corresponding nodal curves (S^)' to with 
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decomposition A = Yli=i ^i^i + Yl^=i ''^j^j + -B as in Proposition 
are only a finite number of such cleaned up decompositions, since 
obtained from the Bj by an essentially homological process. Let d 



3.2.4 



then there still 
the classes B, Ej are 
^max be the maximum 
of the numbers d{B), where B occurs in such a decomposition. Note that dmax > d{A) 



since we could have 



m 



■J 



for all Next, fix a decomposition 



(4.3.1) 



A = ^iiSi + ^mjEj + B 



of this type with d{B) = dmax and with maximal multiplicities in the sense that 
there is no other representative of A with decomposition J2i=i ^'i^i + X]j=i ''^'j^'j ~^ ^' 
where d{B') = dmax, -^i > for all i and i'^ > £i for some i. 

We next claim that Gt{B) 7^ 0. If M is rational, this is immediate from Lemma 2.1. 3| (i) 
since B'^ > 0, uj{B) > by construction, and d{B) > d{A) > 0. So su ppose that M 
is the blowup of a ruled surface. If B^ = then, by Proposition 3.2.4 we may write 
B = mBo where m > 1 and Bq is represented by an embedded sphere or torus. In the 
first case Gi{B) = 1 since for generic J there is a unique i?-curve through each set of 
m generic points, while in the second d{Bo) = d{B) = 0. But this is impossible since 
d{B) = dmax > d{A) > by hypothesis. Therefore, it remains to consider the case 
when B^ > 0. Since u}{B) > by construction, this means that B G . Therefore 



Gt:{B) 7^ by Lemma 2.1.3 (ii) applied to the class B 



Claim 

t 



Given A as in (4.3.1), there is, after possible reparametrization with respect to 



a corresponding family J^i,t E [0, 1], of S -normalized Jf-holomorphic nodal curves. 



Since the classes Ej,B in (4.3.1) have nontrivial Gromov invariant, they are always 
represented in some form for each Jj. By Proposition 1.2.5 the classes Ej are in fact 



always represented by embedded curves C^l since they lie in S and Jt £ Jsw{S,(jJt, A) 
for all t. We next check that we can choose the path Jt so that the class B does not 
decompose. By standard theory (sketched below, but cf. |B991 §6]), this will follow if 
we can show that for each decomposition B = B'- of the i?-curve, the sum of the 
Fredholm indices of its nonrigid components is strictly less than the Fredholm index 
d{B) of the class B. If the components of the B curve are all transverse to 5, then 
this calculation is standard. On the other hand, if for some Jt the decomposition is 



a stable map (S^)' that involves some components of 5, then Lemma 3.2.5 implies 
that this sum is at most d{Bo) where Bq is the nonrigid component of the cleaned up 
version of (S^)'. But the maximality of the pair d{B) = dmax and implies that 
d{Bo) < d{B), and since d{D) is always even, we actually have (i(i?o) ^ d{B) — 2. 
Therefore in a generic path Jt, the dimension of the moduli space of these stable maps 
is at most d{B) — 1, and hence those curves cannot go through k := ^d{B) generic 
points. Thus, the space of embedded S-curves that are J^-holomorphic for some t and 
go though k generic points is a compact 1-manifold with boundary. Moreover, because 
Gr{B) 7^ there is at least one connected component of this 1-manifold with one end 
at t = and the other at t = 1. Taking such a component, and reparametrizing with 
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respect to t as necessary, we therefore have a family of embedded Jt-holomorphic 
curves in class B. 

Next observe that the curves (7^ and are mutually disjoint for each t and that 
their intersections with S are fixed by the homological intersection numbers Ej ■ Si and 
B- Si. Moreover, since we are only dealing with a 1-parameter path we can assume that 
all intersections are transverse. (For example, if some happens to be tangent to 
S, we can slightly perturb the path Jt so that this intersection is transverse since such 
tangencies happen in codimension at least 2.) Finally we straighten up the intersections 
of the Ej and B curves with S to make them orthogonal, using the 1-parameter version 



of Lemma 3.2.1 as in Remark 3.2.3 This proves the Claim. 



The next step is to check that the procedure described in the proof of Theorem 1.2.1 
that constructs an embedded curve from the nodal curve can be carried out 
smoothly as t varies in [0, 1]. This holds because this procedure is determined by the 
intersection pattern of the components of the nodal curves Tif, which as we have noted 



is independent of t; cf. Remark 3.2.3 Since this procedure involves patching, the 
smooth family (Jt) changes to a smooth family (J^). As in Remark 3.1.4, we may 
assume that (J/) is C^-close to (Jt). However, because J'swi<S,uit, A) is not C^-open, 
this by itself does not guarantee that J/ G J'sw{'S,uJt, A) for all t. On the other hand, 
if is a sphere (for one and hence all t), then it is automatically regular. Hence, 
we can perturb to make it lie in J^sw (<S, cot, A), without changing it on S or on the 



tangent bundle TC^ as in Lemma 2.2.4 (i). This completes the proof. 



□ 



Corollary 4.3.4. Given ojt and A as in Lemma 4-3-3, we can reparametrize with 
respect to t so that there is a family of closed forms pt,t £ [0, 1], on M such that for 
all t £ [0, 1] 

• [pt] is Poincare dual to A; 

• the forms T^t '-= + i^Pt are symplectic and adapted to S for all k > 0. 



Proof. The required forms pt can be constructed by hand as in |Mc98j to have support 
in an arbitrarily small neighborhood of the curves C^. liA-Si = G for all i, the curve 
is disjoint from 5, so that we can arrange that the forms pt vanish on S. Moreover 
because is orthogonal to S it does not go through any of the intersection points 
cf - Cj so that we can arrange that pt = near these points, so that Otherwise, one 
can use the method in either [B99[ §6] |B99| §6] or [McOll Lemma 3.1] to arrange that 
the curves S are symplectically embedded for all K{t). □ 



Proof of Proposition 1.2.9 Given any A as in Lemma [4. 3. 2 we have already noted that 
qA satisfies the additional hypotheses of Lemma 4.3.3 for large q > 0. Hence, the 
hypothesis of Lemma 4.3.2 holds by Corollary 4.3.4 The methods in |Mc98| then 



produce an isotopy ujt,0 < t < 1, between u and uj' . Each form oJt is adapted to S by 



condition (ii) of Lemma 4.3.2, Hence a standard Moser argument allows us to modify 



these forms near S so that they are constant there. Then the required isotopy clearly 
exists. □ 
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